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Abstract 

Let -E be a l^*-correspondence over a von Neumann algebra M and 
let H°°{E) be the associated Hardy algebra. If a is a faithful normal 
representation of M on a Hilbert space then one may form the dual 
correspondence E"^ and represent elements in H°°{E) as i?(i/)-valued 
functions on the unit ball B(£"^)*. The functions that one obtains 
are called Schur class functions and may be characterized in terms of 
certain Pick-like kernels. We study these functions and relate them to 
system matrices and transfer functions from systems theory. We use 
the information gained to describe the automorphism group of H°°{E) 
in terms of special Mobius transformations on I]){E"). Particular at- 
tention is devoted to the algebras that are associated to graphs. 
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1 Introduction 



Let M be a Vr*-algebra and let E he a l^*-correspondence over M. In [H] 
we built an operator algebra from this data that we called the Hardy algebra 
of E and which we denoted H°°{E). If M = = C - the complex numbers, 
then H°°{E) is the classical Hardy algebra consisting of all bounded analytic 
functions on the open unit disc, © (see Example 12.41 below.) If M = C 
again, but E = C^, then H°°{E) is the free semigroup algebra £„ studied 
by Davidson and Pitts [I^, Popescu [32] and others (see Example 12.51 ) One 
of the principal discoveries made in [3l|, and the source of inspiration for 
the present paper, is that attached to each faithful normal representation a 
of M there is a dual correspondence E'^ ^ which is a iy*-correspondence over 
the commutant of cr(M), (t(M)', and the elements oi H°°{E) define functions 
on the open unit ball of E" , ©(i?"^). Further, the value distribution theory 
of these functions turns out to be linked through our generalization of the 
Nevanlinna-Pick interpolation theorem [3TI Theorem 5.3] with the positivity 
properties of certain Pick-like kernels of mappings between operator spaces. 

In the setting where M = E = C and a is the 1-dimensional represen- 
tation of C on itself, then E'' is C again. The representation of H°°{E) in 
terms of functions on D(£"^) = D is just the usual way we think of H°°{E). 
In this setting, our Nevanlinna-Pick theorem is exactly the classical theorem. 
If, however, a is a representation of C on a Hilbert space H, dim (if) > 1, 
then E" may be identified with B{H) and then V>{E'^) becomes the space of 
strict contractions on if, i.e., all those operators of norm strictly less than 
1. In this case, the value of an / G ii°°(E) at a T e ©(E") is simply /(T), 
defined through the usual holomorphic functional calculus. Our Nevanlinna- 
Pick theorem gives a solution to problems such as this: given k operators 
Ti, T2, . . . , Tfc all of norm less than 1 and k operators, Ai, A2, . . . , A^, deter- 
mine the circumstances under which one can find a bounded analytic func- 
tion / on the open unit disc of sup norm at most 1 such that /(Tj) = A^, 
i = 1,2, ... ,k (See [HH Theorem 6.1].) On the other hand, when M = C, 
E = C"', and a is one dimensional, the space E'^ is C" and B>{E'^) is the 
unit ball B". Elements in H°°{E) = Cn are realized as holomorphic functions 
on that lie in a multiplier space studied in detail by Arveson [5]. More 
accurately, the functional representation of H°°{E) = Cn in terms of these 
functions expresses this space as a quotient of H°°{E) = Cn. The Nevanlinna- 
Pick theorem of [3l] contains those of Davidson and Pitts [I^, Popescu [34] , 
and Arias and Popescu [4], which deal with interpolation problems for these 
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spaces of functions (possibly tensored with the bounded operators on an aux- 
iliary Hilbert space). It also contains some of the results of Constaninescu 
and Johnson in [16] which treats elements of £„ as functions on the ball 
of strict row contractions with values in the operators on a Hilbert space. 
(See their Theorem 3.4 in particular.) This situation arises when one takes 
M = C and = C", but takes a to be scalar multiplication on an auxiliary 
Hilbert space. 

Our objective in the present note is basically two fold. First, we wish 
to identify those functions on D(£"^) that arise from evaluating elements 
of H°°{E). For this purpose, we introduce a family of functions on ©(£"^) 
that we call Schur class operator functions (see Definition 13. ip . Roughly 
speaking, these functions are defined so that a Pick-like kernel that one may 
attach to each one is completely positive definite in the sense of Barreto, 
Bhat, Liebscher and Skeide [T4]. In Theorem 13.31 we use their Theorem 3.2.3 
to give a Kolmogorov-type representation of the kernel, from which we derive 

an analogue of a unitary system matrix ^ ^ ^ ^ whose transfer function 

A + B{i -l;d)-'l;c 

turns out to be the given Schur class operator function. We then prove in 
Theorem 13. GI that each such transfer function arises by evaluating an element 
in H°°{E) at points ofI!){E") and conversely, each function in H^{E) has a 
representation in terms of a transfer function. The meaning of the notation 
will be made precise below, but we use it here to highlight the connection 
between our analysis and realization theory as it comes from mathematical 
systems theory. The point to keep in mind is that functions on I!){E") that 
come from elements of H°°{E) are not, a priori, analytic in any ordinary sense 
and it is not at all clear what analytic features they have. Our Theorems 13. II 
and 13.61 together with |3T1 Theorem 5.3] show that the Schur class operator 
functions are precisely the functions one obtains when evaluating functions 
in H°°{E) (of norm at most 1) at points of ©(£'°^). The fact that each such 
function may be realized as a transfer function exhibits a surprising level of 
analyticity that is not evident in the definition of H°°{E). 

Our second objective is to connect the usual holomorphic properties of 
I]){E") with the automorphisms of H°°{E). As a space, D(i?'^) is the unit 
ball of a J*-triple system. Consequently, every holomorphic automorphism 
of J}{E") is the composition of a Mobius transformation and a linear isom- 
etry [Sn]. Each of these implements an automorphism of the algebra of all 
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bounded, complex-valued analytic functions on 'D{E'^), but in our setting only 
certain of them implement automorphisms of H°°{E) - those for which the 
Mobius part is determined by a "central" element of E" (see Theorem I4.2ip . 
Our proof requires the fact that the evaluation of functions in H°°{E) (of 
norm at most 1) at points of ©(i?'^) are precisely the Schur class operator 
functions on D(£''^). Indeed, the whole analysis is an intricate "point - coun- 
terpoint" interplay among elements of H°°{E), Schur class functions, transfer 
functions and "classical" function theory on ]D){E''). In the last section, we 
apply our general analysis of the automorphisms of H°°{E) to the special 
case of i7°°-algebras coming from directed graphs. 

In concluding this introduction, we want to note that a preprint of the 
present paper was posted on the arXiv on June 27, 2006. Recently, inspired in 
part by our preprint, Ball, Biswas, Fang and ter Horst [8j were able to realize 
the Fock space that we describe here in terms of the theory of completely 
positive definite kernels advanced by Barreto, Bhat, Liebscher and Skeide 
[T4] that we also use (See Section 3 and, in particular, the proof of Theorem 
13. 3[ ) The analysis of Ball et al. makes additional ties between the theory of 
abstract Hardy algebras that we develop here and classical function theory 
on the unit disc. 

2 Preliminaries 

We start by introducing the basic definitions and constructions. We shall 
follow Lance [24] for the general theory of Hilbert C*-modules that we shall 
use. Let A be a C*-algebra and E he a right module over A endowed with 
a bi-additive map {■,■): E x E ^ A (referred to as an A-valued inner 
product) such that, for ^,rj E E and a G A, {i.rjo) = {^,r])a, {^,1])* = {f],^), 
and {^,0 ^ 0) with (^,^) = only when ^ = 0. Also, E is assumed to 
be complete in the norm ||,^|| := IK^,^!^''^- We write C{E) for the space 
of continuous, adjointable, A-module maps on E. It is known to be a C*- 
algebra. If M is a von Neumann algebra and if is a Hilbert C*-module 
over M, then E is said to be self-dual in case every continuous M-module 
map from E' to M is given by an inner product with an element of E. Let 
A and B be C*-algebras. A C* -correspondence from A to B is a Hilbert 
C*-module E over B endowed with a structure of a left module over A via a 
nondegenerate *-homomorphism cp : A ^ ^{E)- 

When dealing with a specific C*-correspondence, E, from a C*-algebra 
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A to a C*-algebra B, it will be convenient sometimes to suppress the ip in 
formulas involving the left action and simply write or a-^ for (p{a)C,. This 
should cause no confusion in context. 

If is a C*-correspondence from A to B and if F is a correspondence 
from B to C, then the balanced tensor product, E F is an A, C-bimodule 
that carries the inner product defined by the formula 

The Hausdorff completion of this bimodule is again denoted by E ®b F . 

In this paper we deal mostly with correspondences over von Neumann 
algebras that satisfy some natural additional properties as indicated in the 
following definition. (For examples and more details see [31]). 

Definition 2.1 Let M and N he von Neumann algebras and let E he a 
Hubert C* -module over N. Then E is called a Hilbert iy*-module over N 
in case E is self-dual. The module E is called a iy*-correspondence from M 
to N in case E is a self-dual C* -correspondence from M to N such that the 
*-homomorphism ip : M ^ ^{F), giving the left module structure on E, is 
normal. If M = N we shall say that E is a W* -correspondence over M. 

We note that if is a Hilbert iy*-module over a von Neumann algebra, 
then C{E) is not only a C*-algebra, but is also a Vr*-algebra. Thus it makes 
sense to talk about normal homomorphisms into C{E). 

Definition 2.2 An isomorphism of a W* -correspondence Ei over Mi and 
a W* -correspondence E2 over M2 is a pair (cr, \E') where a : Mi M2 is 
an isomorphism of von Neumann algebras, : Ei E2 is a vector space 
isomorphism preserving the a -topology and for e, f E Ei and a,b E Mi, we 
have ^(ae6) = cr(a)^(e)cr(6) and (^(e),*(/)) = cr((e, /)). 

When considering the tensor product E®mF of two iy*-correspondences, 
one needs to take the closure of the C*-tensor product in the a-topology of [6] 
in order to get a H^*-correspondence. However, we will not distinguish nota- 
tionally between the C*-tensor product and the Vr*-tensor product. Note also 
that given a Vr*-correspondence E over M and a Hilbert space H equipped 
with a normal representation a of M, we can form the Hilbert space E ^„ H 
by defining (^1 ® hi, ^2 ® ^2) = (^i; <7((^i; ^2))^2)- Thus, H is viewed as a 
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correspondence from M to C via a and E ®„H i?, just the tensor product of 
E and H as PF*-correspondences. 

Note also that, given an operator X G C-{E) and an operator 5* G cr(M)', 
the map ^® h ^ ® Sh defines a bounded operator on E H denoted 
by X (g) S*. The representation of C{E) that results when one lets S' = /, is 
called the representation of C{E) induced by a and is often denoted by . 
The composition, o"^ o is a representation of M which we shall also say is 
induced by a, but we shall usually denote it by ip{-) ® /. 

Observe that if is a l^*-correspondence over a von Neumann algebra 
M, then we may form the tensor powers i?*^", n > 0, where E®^ is simply 
M viewed as the identity correspondence over M, and we may form the W*- 
direct sum of the tensor powers, T{E) := E®^ ® E®^ © © ■ ■ ■ to obtain a 
H^*-correspondence over M called the {full) Fock space over E. The actions 
of M on the left and right of J-'{E) are the diagonal actions and, when it is 
convenient to do so, we make explicit the left action by writing (poo for it. 
That is, for a G M, (fQo{a) := diag{a, Lp(a), Lp^'^\a), ip^^\a), ■ ■ where for 
alln, <^(")(a)(ei©e2®---a) = i^{a)^i) ® ^2® ■ ■ ■ ^n, ei®^®---^ e E^^. 
The tensor algebra over E, denoted %-{E), is defined to be the norm-closed 
subalgebra of C{J-'{E)) generated by ipoo{M) and the creation operators T^, 
^ E E, defined by the formula T^rj = ^ ® r], G J^{E). We refer the reader 
to [28] for the basic facts about T^{E). 

Definition 2.3 (fSl^) Given a W* -correspondence E over the von Neumann 
algebra M, the ultraweak closure of the tensor algebra of E, T^{E), in C{J^{E)), 
is called the Hardy Algebra of E, and is denoted H°°{E). 

Example 2.4 If M = E = C, then T{E) can be identified with or, 
through the Fourier transform, H'^(T). The tensor algebra then is isomorphic 
to the disc algebra A(]D)) viewed as multiplication operators on H^{T) and the 
Hardy algebra is realized as the classical Hardy algebra H°°{T). 

Example 2.5 If M = C and E = C", then J^{E) can be identified with the 
space l2i^n)j where F+ is the free semigroup on n generators. The tensor 
algebra then is what Popescu refers to as the "non commutative disc algebra" 
An and the Hardy algebra is its w* -closure. It was studied by Popescu [3^ 
and by Davidson and Pitts who denoted it by Cn /T^ . 

We need to review some basic facts about the representation theory of 
H°°{E) and of T+(E). See for more details. 
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Definition 2.6 Let E be a W* -correspondence over a von Neumann algebra 
M. Then: 

1. A completely contractive covariant representation of E on a Hilbert 

space H is a pair (T, a), where 

(a) a is a normal * -representation of M in B{H). 

(b) T is a linear, completely contractive map from E to B{H) that is 
continuous in the a -topology of [Gf on E and the ultraweak topology 
on B{H). 

(c) T is a bimodule map in the sense that T{S^R) = cr{S)T{^)a{R) , 
ieE, and S,Re M. 

2. A completely contractive covariant representation {T,a) of E in B{H) 
is called isometric in case 

m*nv) = (1) 

for all C,,ri E E. 

It should be noted that the operator space structure on E to which Def- 
inition 12.61 refers is that which E inherits when viewed as a subspace of its 
linking algebra. 

As we showed in [281 Lemmas 3.4-3.6] and in [31], if a completely contrac- 
tive covariant representation, (T, cr), ofE in B{H) is given, then it determines 
a contraction T : E ®„ H H defined by the formula T{r] ® h) := T{ri)h, 
r]®h & E ®„ H . The operator T intertwines the representation a on H and 
the induced representation o = Lp(^-) ® 1^ on E H; i.e. 

f(^(.)®/)=a(-)T. (2) 

In fact we have the following lemma from [3T1 Lemma 2.16]. 

Lemma 2.7 The map (T, a) ^ T is a bijection between all completely con- 
tractive covariant representations (T, a) of E on the Hilbert space H and 
contractive operators T : E ®„ H ^ H that satisfy equation Given such 
a T satisfying this equation, T, defined by the formula T{^)h := T{^ (8> h), 
together with a is a completely contractive covariant representation of E on 
H. Further, (T, cr) is isometric if and only ifT is an isometry. 
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The importance of the completely contractive covariant representations 
of E (or, equivalently, the intertwining contractions T as above) is that they 
yield all completely contractive representations of the tensor algebra. More 
precisely, we have the following. 

Theorem 2.8 Let E be a W* -correspondence over a von Neumann algebra 
M. To every completely contractive covariant representation, (T,(t), of E 
there is a unique completely contractive representation p of the tensor algebra 
T^{E) that satisfies 

piT^) = TiO ^eE 

and 

p{(poo{a)) = cr(a) a e M. 

The map (T, a) ^ p is a bisection between the set of all completely contrac- 
tive covariant representations of E and all completely contractive (algebra) 
representations of T^{E) whose restrictions to (p^oiM) are continuous with 
respect to the ultraweak topology on C{J-'{E)). 

Definition 2.9 If{T,a) is a completely contractive covariant representation 
of a W* -correspondence E over a von Neumann algebra M , we call the repre- 
sentation p ofT^{E) described in Theorem \2.8\ the integrated form of {T,a) 
and write p = a x T . 

Remark 2.10 One of the principal difficulties one faces in dealing with 
T+{E) and H°°{E) is to decide when the integrated form, a xT, of a com- 
pletely contractive covariant representation (T,cr) extends from T+{E) to 
H^{E). This problem arises already in the simplest situation, vis. when 
M = C = E. In this setting, T is given by a single contraction operator 
on a Hilbert space, T^{E) "is" the disc algebra and H°^{E) "is" the space of 
bounded analytic functions on the disc. The representation a x T extends 
from the disc algebra to H°°{E) precisely when there is no singular part to 
the spectral measure of the minimal unitary dilation ofT. We are not aware 
of a comparable result in our general context but we have some sufficient con- 
ditions. One of them is given in the following lemma. It is not a necessary 
condition in general. 

Lemma 2.11 f3l[ Corollary 2.14] If \\T\\ < 1 then a x T extends to a ul- 
traweakly continuous representation of H°°{E). 
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In [3T] we introduced and studied the concepts of duality and of point 
evaluation (for elements of H°°{E)). These play a central role in our analysis 
here. 

Definition 2.12 Let E be a W* -correspondence over a von Neumann alge- 
bra M and let a : M ^ B{H) be a faithful normal representation of M on a 
Hilbert space H. Then the cr-dual of E, denoted E"^ , is defined to be 

{r] e B{H, E®„H)\ r]a{a) = {if (a) ® /)r/, a G M}. 

An important feature of the dual E'^ is that it is a iy*-correspondence, 
but over the commutant of cr(M), cr(M)'. 

Proposition 2.13 With respect to the action of a{M)' and the a{M)' -valued 
inner product defined as follows, E" becomes a W* -correspondence over a{My : 
For Y and X in a{M)' , and r] e E" , X ■ r] ■ Y := {I <S) X)r]Y, and for 
Vi,V2 e E^, {rii,r]2)a{MY ■= VlV2- 

In the following remark we explain what we mean by "evaluating an ele- 
ment of H°°{E) at a point in the open unit ball of the dual". 

Remark 2.14 The importance of this dual space, E"' , is that it is closely 
related to the representations of E. In fact, the operators in E'^ whose norm 
does not exceed 1 are precisely the adjoints of the operators of the form T for 
a covariant pair (T, a) . In particular, every r] in the open unit ball of E" 
(written D(_E"^) ) gives rise to a covariant pair (T, a) (with i] = T* ) such that 
a X T extends to a representation of H°°{E). 

Given X G H°°{E) we can apply the representation associated to rj to it. 
The resulting operator in B{II) will be denoted by X{ri*). Thus 

X{v*) = {axr^*){X). 

In this way, we view every element in the Hardy algebra as a B{H)-valued 
function 

X : I]){E''y B{H) 

on the open unit ball of {E'^)* . One of our primary objectives is to understand 
the range of the transform X ^ X , X E H°°{E). 
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Example 2.15 Suppose M = E = C and a the representation ofC on some 
Hubert space H. Then it is easy to check that E'^ is isomorphic to B{H). 
Fix an X E H°^{E). As we mentioned above, this Hardy algebra is the 
classical H°^{T) and we can identify X with a function f G if°°(T). Given 
S G I}{E'^) = B{H), it is not hard to check that X{S*), as defined above, is 
the operator f{S*) defined through the usual holomorphic functional calculus. 

Example 2.16 In 117] Davidson and Pitts associate to every element of the 
free semigroup algebra (see Example \2. 5ji a function on the open unit 
ball of C"'. This is a special case of our analysis when M = C, E = C"' 
and a is a one dimensional representation of C. In this case a{M)' = C 
and E" = C". Note, however, that our definition allows us to take a to 
be the representation of C on an arbitrary Hilbert space H . If we do so, 
then E'^ is isomorphic to B{HY"-\ the nth column space over B{H), and 
elements of Cn define functions on the open unit ball of this space viewed as 
a correspondence over B{H) with values in B{H). This is the perspective 
adopted by Constantinescu and Johnson in [W] . In the analysis of [17^ it is 
possible that a non zero element of Cn will give rise to the zero function. We 
shall show in Lemma \3.8\ that, by choosing an appropriate H we can insure 
that this does not happen. 



Example 2.17 Part of the recent work of Popescu in pj] may be cast in 
our framework. We will follow his notation. Fix a Hilbert space K , and 
let E be the column space B{K)"'. Take, also, a Hilbert space H and let 
a : B{K) — > B{K®H) be the representation which sends a G B{K) to a® In. 
Then, since the commutant of a{B{K)) is naturally isomorphic to B{H), it 
is easy to see that E'^ is the column space over B{H), B{H)" . It follows 
that D(i?'^) is the open unit ball in B{H)"'. A free formal power series with 
coefficients from B{K) is a formal series F = J2ae¥+ ^a^Za where is the 
free semigroup on n generators, the are elements of B[K) and where Za is 
the monomial in noncommuting indeterminates Z\, Z^, . . ■ , Zn determined 
by a. If F has radius of convergence equal to 1, then one may evaluate F at 
points o/©(i?°")* to get a function on ]D){E'^)* with values in B{K ® H), vis., 
F((S'i, S'2, ■ ■ ■ Sn)) = Ylia&t ® ^^^^ Theorem 1.1]. In fact, under 

additional restrictions on the coefficients A^, F may be viewed as a function 
X in W^iBiKY) in such a way that F{{Si, 82,- ■■ Sn)) = X{Si, 82,- ■■ Sn) 
in the sense defined in [Sli p. 384] o.'^d discussed above in Remark \2.14 



The space that Popescu denotes by H°°{B{X)^) arises when K = C, and is 
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naturally isometrically isomorphic to Cn [SR Theorem 3.1 J. We noted in the 
preceding example that Cn is -ff°°(C"). The point of JSB^ . at least in part, is 
to study H°°{B{X)^) ^ = H°°{C"') through all the representations aofC 
on Hilbert spaces H, that is, through evaluating functions in H'^{B{X)^) at 
points the unit ball of B{H)^ for all possible H 's. The space B{K)'^ is Morita 
equivalent to C" in the sense of [3^ , at least when dim{K) < oo, and, in 
that case the tensor algebras Tj^{B{K)'^) and T^{C"-) are Morita equivalent in 
the sense described by fW^ . The tensor algebra 7^(C"'), in turn, is naturally 
isometrically isomorphic to Popescu's noncommutative disc algebra An [3^ . 
The analysis in fW^ suggests a sense in which and B{K)^ are Morita 
equivalent even when dim{K) = oo, and that together with JW^ suggests 
that H°^{B{KY) should be Morita equivalent to H'^{B{X)1) ^ i7°°(C"). 
This would suggest an even closer connection between Popescu's free power 
series, and all that goes with them, and the perspective we have taken in 
this paper, which, as we shall see, involves generalized Schur functions and 
transfer functions. The connection seems like a promising avenue to explore. 

In [21] we exploited the perspective of viewing elements of the Hardy 
algebra as i?(if)-valued functions on the open unit ball of the dual corre- 
spondence to prove a Nevanlinna-Pick type interpolation theorem. In order 
to state it we introduce some notation: For operators Bi and B2 in B{H), 
we write Ad{Bi, B2) for the map from B{H) to itself that sends S to B1SB2. 
Also, given elements rii,ri2 in we let 6'^i,,,2 denote the map, from (t(M)' 

to itself that sends a to {rii,ari2). That is, 6'^i,?72(a) := {vi^'^Vi) = Vi(^V2, 
a e a{M)'. 

Theorem 2.18 (J3l\. Theorem 5.3]) Let E be a W* -correspondence over a 
von Neumann algebra M and let a : M ^ B{H) be a faithful normal repre- 
sentation of M on a Hilbert space H. Fix k points rji, . . . rjk in the disk 3{E'^) 
and choose 2k operators Bi, . . . Bk, Ci, . . .Ck in B{H). Then there exists an 
X m H°^{E) such that \\X\\ < 1 and 

B.xin:) = c, 

for i = 1,2, ... ,k, if and only if the map from Mfc(cr(M)') into Mk{B{H)) 
defined by the k x k matrix 

{{Ad{Bi, B,) - Ad{Q, C,)) o {id - 0,,,,,)-^) (3) 

is completely positive. 



11 



That is, the map T, say, given by the matrix (I3|) is computed by the 
formula 

where 
and 

We close this section with two technical lemmas that will be needed in our 
analysis. Let M and N be iy*-algebras and let be a Vr*-correspondence 
from M to N. Given a cr-closed subcorrespondence £"0 of E we know that 
the orthogonal projection P of E onto Eq is a right module map. (See [6l 
Consequences 1.8 (ii)]). In the following lemma we show that P also preserves 
the left action. 

Lemma 2.19 Let E be a W* -correspondence from the von Neumann algebra 
M to the von Neumann algebra N, and let Eq be a sub W* -correspondence 
Eq of E that is closed in the a-topology of /S, Consequences 1.8 (ii)]. If P 
is the orthogonal projection from E onto Eq, then P is a bimodule map; i.e., 
P{a^b) = aP{^)b for all a e M and beN. 

Proof. It suffices to check that -P(e^) = eP(^) for all ^ EE and 
projections e G M. For ^,ri E E and a projection e G M, we have 

H + fvf=\\ eO + {fv, fv) II < II (ee, eO II + II {fv, fv) II = l|e^f + Wfvf, 
where / = 1 — e. So, for every A G M we have 

(A + l)1/P(eOir = ||/P(ee + A/P(eO)ir < lle^ + A/P(eOir 

<l|eef + A^I|/m)f- 

Hence, for every A G M, 

(2A + l)||/P(eOf <||eef 

and, thus, 

(/-e)P(eO = /P(eO=0. 
Replacing e by / = / — e we get eP((/ — e)^) = and, therefore, 

P(eO = eP(eO=eP(0. 
Since M is spanned by its projections, we are done. □ 
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Lemma 2.20 Let E he a W* -correspondence over M, let a he a faithful 
normal representation of M on the Hilhert space E , and let E" he the a-dual 
correspondence over N := o"(M)'. Then 

(i) The left action of N on E" is faithful if and only if E is full (i.e. if 
and only if the ultraweakly closed ideal generated hy the inner products 
{^1,^2), ^1,^2 eE, is all of M). 

(a) The left action of M on E is faithful if and only if E^ is full. 

Proof. We shall prove (i). Part (ii) then follows by duality (using [3T1 
Theorem 3.6]). Given S E Srj = for every rj G E'^ if and only if for 
all r] E E" and g E S, {I ® S)ri{g) = 0. Since the closed subspace spanned 
by the ranges of all rj E E'' is all of E ^ (l^Jj), this is equivalent to the 
equation ^®Sg = holding for all g E £ and ^ E E. Since ®Sg, ^<?)Sg) = 
{g,S*{^,OSg), we find that SE'' = if and only if a{{E,E))S = 0, where 
{E, E) is the ultraweakly closed ideal generated by all inner products. If this 
ideal is all of M we find that the equation SE" = implies that 5 = 0. 
In the other direction, if this is not the case, then this ideal is of the form 
(/ — g)M for some central nonzero projection q and then S = a{q) is different 
from but vanishes on E'^ . □ 

3 Schur class operator functions and realiza- 
tion 

Throughout this section, E will be a fixed iy*-correspondence over the von 
Neumann algebra M and a will be a faithful representation of M on a Hilbert 
space £. We then form the a-dual of E, E" , which is a correspondence over 
N := (t(M)', and we write D(_E'^) for its open unit ball. Further, we write 
D(E'^)* for {ri* \ri e D(E'^)}. 

The following definition is clearly motivated by the condition appearing 
in Theorem 12.181 and Schur's theorem from classical function theory. 

Definition 3.1 Let Q he a suhset ofB^E'') and let Q* = {u* \ u e Q}. A 

function Z : Q* ^ B{£) will he called a Schur class operator function (with 
values in B{£) ) if, for every k and every choice of elements rji, ri2, . . . ,r]k in 
Q, the map from Mk{N) to Mk{B{S)) defined hy the k x k matrix of maps, 

{{id - Ad{z{v;),z{v*))) o {id - e,^,,^)-'), 
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is completely positive. 

Note that, when M = E = B{£) and a is the identity representation 
of B{£) on a{M)' is C/^, E"" is isomorphic to C and ©(E"^)* can be 
identified with the open unit disc D of C. In this case our definition recovers 
the classical Schur class functions. More precisely, these functions are usually 
defined as analytic functions Z from an open subset O of D into the closed 
unit ball of B{£) but it is known that such functions are precisely those for 
which the Pick kernel kz{z,w) = {I — Z{z)Z{w)*){l — zw)~^ is positive semi- 
definite on fl. The argument of [Hll Remark 5.4] shows that the positivity of 
this kernel is equivalent, in our case, to the condition of Definition 13. li This 
condition, in turn, is the same as asserting that the kernel 

kziC, := N - MZ{C), Z{u;*)) o {td - 6^,^)-' (4) 

is a completely positive definite kernel on Vt* in the sense of Definition 3.2.2 
of [I4|. 

For the sake of completeness, we record the fact that every element of 
H°°{E) of norm at most one gives rise to a Schur class operator function. 

Theorem 3.2 Let E be a W* -correspondence over a von Neumann algebra 
M and let a be a faithful normal representation of M in B{H) for some 
Hilbert space H. If X is an element of H°°{E) of norm at most one, then 
the function rj* X{rj*) defined in Remark \2. 14\ is a Schur class operator 
function on with values in B{H). 

Proof. One simply takes Bi = I for all i and Ci = X{rj*) in Theorem 
EH □ 

Theorem 3.3 Let E be a W* -correspondence over a von Neumann algebra 
M. Suppose also that a a faithful normal representation of M on a Hilbert 
space £ and that qi and q2 are projections in cr(M). Finally, suppose that Q is 
a subset o/D((£'°')) and that Z is a Schur class operator function on ^2* with 
values in q2B{£)qi. Then there is a Hilbert space H , a normal representation 
T of N := a{M)' on H and operators A,B,C and D fulfilling the following 
conditions: 

(i) The operator A lies in q2cr{M)qi. 
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(ii) The operators C , B , and D, are in the spaces B{Si, E"®t-H), B{H, £2), 
and B{H,E'^ H), respectively, and each intertwines the representa- 
tions of N = a{My on the relevant spaces (i.e. , for every S E N, 
CS = iS0 Ih)C, Bt{S) = SB and Dr{S) = {S Ih)D ). 



(Hi) The operator matrix 



C D )' 



viewed as an operator from 81® H to 82® {E'^ ®r H), is a coisometry, 
which is unitary if E is full. 

(iv) For every rj* in ^l* , 

z{7]*) = A + B{i- l;d)-'l;c (6) 

where L^^ : H ^ E'^ ® H is defined by the formula L^fh = rj ® h (so 
L;i9 0h)=r{{ri,e))h). 

Remark 3.4 Before giving the proof of Theorem \3.3[. we want to note that 
the result hears a strong resemblance to standard results in the literature. We 
call special attention to /2l [1. Q GSl EH \IM- Indeed, we recommend 
which is a survey that explains the general strategy for proving the theorem. 
What is novel in our approach is the adaptation of the results in the literature 
to accommodate completely positive definite kernels. 

Since the matrix in equation ((51) and the function in equation ([6]) are 
familiar constructs in mathematical systems theory, more particularly from 
if°°-control theory (see, e.g., [38]), we adopt the following terminology. 

Definition 3.5 Let E be a W* -correspondence over a von Neumann algebra 
M. Suppose that a is a faithful normal representation of M on a Hilbert 
space 8 and that qi and q2 are projections in a{M). Then an operator matrix 
A B 



^ ~ y C D j ' ^^^'^^ entries A, B, C , and D, satisfy conditions (i) and 

(ii) of Theorem \3.S\ for some normal representation r of a{M)' on a Hilbert 
space H , is called a system matrix provided V is a coisometry (that is unitary, 
if E is full). IfV is a system matrix, then the function A-\-B {I— L*D)'^L*C , 
rj* G is called the transfer function determined by V. 
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Proof. As we just remarked, the hypothesis that Z is a Schur class 
function on fl* means that the kernel kz in equation (111) is completely positive 
definite in the sense of [T4]. Consequently, we may apply Theorem 3.2.3 of 
|14| . which is a lovely extension of Kolmogorov's representation theorem for 
positive definite kernels, to find an N-B{£) iy*-correspondence F and a 
function t from VL* to F such that F is spanned by Nl{Q*)B{S) and such 
that for every rji and in ^* and every a & N, 

{id-Ad{Z{7^l),Z{7^l)))o{id-e^,^^,r\a) = {L{vi),aL{7^2)). 

It follows that for every b E N and every 771,772 in Q*, 

b - Zivl)bZir^;r = 6.(7/2)) - {tivi), iVu hm)i{V2)) 

Thus, 

6 + (771 ® Lirii), br]2 ® 6(772)) = (^(771), 6.(772)) + Z{r]l)bZ{r];y. (7) 

Set 

Gi := span{bZ{ri*yq2T © bL{r])q2T \ b E N, 7] E n* , T E B{£) } 

and 

G2 := span{bq2T © (67/ ® .(77)^2^) | 6 G A^, 77 G r^*, T G B(£) }. 

Then Gi is a sub N-B{£) 14^*-correspondence of B{£) © F (where we use 
the assumption that q2Z{r]*) = q2Z{r]*)qi) and G2 is a sub N-B{£) W*- 
correspondence of B{£) © {E'' ©^r F) . (The closure in the definitions of 
Gi,G2 is in the cr-topology of It then follows that Gi and G2 are 14^*- 
correspondences [6^ Consequences 1.8 (i)]). Define f : Gi ^ G2 by the 
equation 

v{bZ{ri*yq2T © bL{ri)q2T) = 6^2^ © (67/ © L{v)q2T). 

It follows from (I7l) that f is an isometry. It is also clear that it is a bimodule 
map. We write Pi for the orthogonal projection onto Gj, i = 1,2 and V for 
the map 

V := P2VP1 : qiB{£) ®F ^ q2B{£) © (E" ©;v F). 
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Then K is a partial isometry and, since Pi,v and P2 are all bimodule maps 
(see Lemma [2.19p . so is V. We write V matricially: 

where a : qiB{S) q2B{S), (3 : F q2B{£), 7 : qiB{£) ^ E" ® F and 
5 : F — > E" ® F and all these maps are bimodule maps. Let Hq be the 
Hilbert space F ®b{€) £ and note that B{£) ®B{e) £ is isomorphic to £ (and 
the isomorphism preserves the left A^-action). Tensoring on the right by £ 
(over B{£)) we obtain a partial isometry 

( Co Do) '■{ho)^{ E^ ®Ho)- 

Here Aq = a ® I^, Bq = (3 Is^ Cq = -y ® Is and Dq = 6 <^ I^. These maps 
are well defined because the maps a, /?, 7 and 6 are right -B(£')-module maps. 
Since these maps are also left iV-module maps, so are Ao,Bo,Co and Do- 
By the definition of Vq, its initial space is Gi ® £" and its final space is 
G2® £■ In fact, Vq induces an equivalence of the representations of N on 
Gi® £ and on G2 ® £. 

It will be convenient to use the notation Ki K2 if the Hilbert spaces 
Ki and K2 are both left iV-modules and the representation of N on Ki is 
equivalent to a subrepresentation of the representation of N on K2. This 
means, of course, that there is an isometry from Ki into K2 that intertwines 
the two representations. If the two representations are equivalent we write 
K2. 

Using this notation, we can write Gi ® £ ~Ar G2 ® £■ Form : = 
{£2 © {E" ®Hq))Q {G2 ® £), which is a left A^-module, and note that L : = 
J^{E'^)®J^2 also is a left A^-module, where the representation of on L is the 
induced representation. Since L = J^{E'')®M2 = 0~=o((^'')®" ® (-^2)), it 
is evident that {E'^ ® L) © M.2 —nL. Indeed, the isomorphisms are just the 
natural ones that give the associativity of the tensor products involved. Thus, 
£2®{E'' ®{Ho®L)) = £2®{E''®Ho)®{E''®L) = G2®£ ®M2®E'' ®L -at 
G2 ® £ ® L '::=^M Gi ® £ ® L ■<N £1 © {Hq © L)- Consequently, we obtain a 
coisometric operator V : £1® {Hq ®L) £2®E" ® {Hq © L) that intertwines 
the representations of N and extends Vq. Note that, if Vq were known to be 
an isometry (so that G2 ® £ —n Gi ® £ = £1 ® Hq ), then we would have 
equivalence above and V can be chosen to be unitary. 
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Assume that E is full. We also write Mi for {£iQ)Hq)qGi®S. Since E 
is full, the representation p of N on E'^ ^ S is faithful (Lemma 12.201) and it 
follows that every representation of N is quasiequivalent to a subrepresenta- 
tion of p. Write 800 for the direct sum of infinitely many copies of S. Then 
E" ®£oQ is the direct sum of infinitely many copies oi E" ®£ and, thus, every 
representation of is equivalent to a subrepresentation of the representation 
of N OTV E"^ ® £00- In particular, we can write M.i® £00 :<n E'^ ® • Thus 
£1 © {Hq © ^00) = {Gi ®£)®Mi®£oo £2 © ® Ho) © ® £oc) = 
£2 © {E'^ © {Hq © £oo))- So, replacing Hq by Hq © £^00, we can replace Vq by 
an isometry and, using the argument just presented, we conclude that the 
resulting V" is a unitary operator intertwining the representations of and 
extending Vq. 

So we let V be the coisometry just constructed (and treat it as unitary 
when E is full). Writing H := Hq Q) we can express V in the matricial 
form as in part (iii) of the statement of the theorem. Conditions (i) and (ii) 
then follow from the fact that V intertwines the indicated representations of 
A^. It is left to prove (iv). 

Setting 6 = T = J in the definition of v above and writing f in a matricial 
form we see that 

V 7 ^ / V ^(^)^2 J \V® t^iv)'l2 J ■ 

Tensoring by le on the right and identifying B{£) ®b{£) £ with £ as above, 
we find that 

f Ao Bo\[ Z{r^*rg g 
\Cq Do J \ Liji) ®g ) \r,® {L{r]) © g) 

for g G £2- Since A,B,C and D extend Ao,Bq,Co and Dq respectively, we 
can drop the subscript 0. We also use the fact that the matrix we obtain is a 
coisometry, and thus its adjoint equals its inverse on its range. We conclude 
that 

g Zir^rg \ 

Thus t{r]) ®g = B*g + D*{7] © (^(77) © g)) = B*g + D*Lr,{L{r]) © g) and 

i{'n)®g = {I-D*L^)-'B*g. 



(A* C* \ ( 
\B* D* ) \ 
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Combining this equality with the other equation that we get from (JH]), we 
have 

Zi'qyg = A*g + C*L^{I - D*L,)-'B*g , ge£. 

Taking adjoints yields (iv). □ 

Thus, Theorem 13.31 asserts that every Schur class function determines a 
system matrix whose transfer function represents the function. The system 
matrix is not unique in general, but as the proof of Theorem 13.31 shows, it 
arises through a series of natural choices. Of course, equation ([6]) suggests 
that every Schur class function represents an element in H°°{E). This is 
indeed the case, as the following converse shows. 

Theorem 3.6 Let E be a W* -correspondence over a W* -algebra M , and let 
a be a faithful normal representation of M on a Hilbert space 8. If V = 

^ ^ ^'^ system matrix determined by a normal representation t of 

N := a(M)' on a Hilbert space H, then there is an X e H°°{E), \\X\\ < 1, 
such that 

x{r]*) = A + B{i- l;d)-'l;c, 

for all 7]* e B^E"")* and, conversely, every X G H°°{E), \\X\\ < 1, may be 
represented in this fashion for a suitable system matrix V = 

Proof. For every n > we define an operator from S to (i^<^)®" 
as follows. For n = 0, we set Kq = A - an operator in B{£). For n = 1, we 
define Ki, mapping £ to E'^ ^ £, to be (Ji ® B)C, where for all k > 1, Ik 
denotes the identity operator on [E'^)'^^ . For n > 2, we set 

Kn := (/„ ® ®D)---{h® D)C. 

Note, first, that it follows from the properties of A, B, C and D that, for 
every n > and every a E N ^ Kna = {fn{ci) ® Ie)Kn where defines the 
left multiplication on [E^)®"'. Thus, writing l for the identity representation 
of N on S, Kn lies in the t-dual of (^E")®^ which, by Theorem 3.6 and Lemma 
3.7 of [31], is isomorphic to E®"^. Hence, for every > 0, Kn defines a unique 
element ^„ in E®". 

For every > and rj E E'' we shall write Ln{ri) for the operator from 
(E"^)*^" ® £ to (g) £ given by tensoring on the left by rj. Also note 

that, for A; > 1 and n > 0, h ® Kn is an operator from (iJ^)®*^ ® £ to 



[c d) 
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(^j^a^»(k+n) ^ £; YVith this notation, it is easy to see that, for all A; > 1 and 
> 0, 

(4+1 ® K,)Lk{ri) = Lk+n{v){h ® Kd- (9) 
Note, too, that we can write 

^(E") ® ^ = f © (E" ® ^) © ■ ■ ■ © ((E")®'" © f ) © ■ ■ ■ 

and every operator on T{E'^) © 8 can be written in a matricial form with 
respect to this decomposition (with indices starting at 0). For every m, 
< m < oo, we let Sm be the operator defined by the matrix whose i,j 
entry is Ij © -ft'i-j, if < j < z < m, and is otherwise. (For m = cxd, it is 
not clear yet that the matrix so constructed represents a bounded operator, 
but this will be verified later). 

So far we have not used the assumption that V \s a. coisometry. But if we 
take this into account, form the product VV* , and set it equal to Is®{E''®h), 
we find that 

Is - AA* = BB* (10) 
CC* = Ie^^^h - DD* (11) 
AC* = -BD* (12) 

We claim that, for 1 < j < i < m, the following equations hold, 

(J - SmS*J^,j = ih © 5)(/i_i (g)D)---DD*--- (/,_i © D*){I, © B*); (13) 

that for < 2 < m, 

(/ - S^S*J,,o = {k ® B) (/,_i ©/})••■ DB\ (14) 

and that for i = j = 0, 

{I-SmS*Jofl = BB\ (15) 

Equation ( ITSl ) follows immediately from ( ITOl) since (5'm)o,o = A. For < i < 
m we compute {I-S^Sl,)ifl = -{Sm)i,oiSrr,)o,o = -(/i®5)(/j_i©L') ■ ■ ■ (Ji© 
D)CA* = {li © B){Ii_i © D) ■ ■ ■ (Ji © D)DB* where, in the last equality we 
used ffT2ll . It is left to prove (fTSll . Let us write j for the left hand side of 
jUD. (For j = < i we have Ri^o = {k © 5)(/i_i © D) ■ --DB* and when 
both are 0, i?o,o = BB*). We have KqK* = AA* = I- BB* = I - i?o,o^S,o- 
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For = j < i < m we have KiK* = {k ® 5)(J,;_i ®D)---{Ii® D)CA* = 
-{li ® 5)(Ji„i ® ■ ■ ■ (Ji ® D)DB* = -Rifl and for < j < i < m, 
KiK* = {U®B){h_^®D) ■ ■ ■{h®D)CC*{h®D*) ■ ■ ■{Ij,i®D*){Ij®B*) = 
{li ® ® D) ■ ■ • (Ji ® - DD*){h ®D*)--- ® D*){Ij ® 5*) = 

■ ■ ■ {h0D){h(^D*) ■ ■ ■ (/,-_i®Z}*)(/,-®5*)-(/,®5)(/,_i® 
D) ■ • • (Ji ® D)DD*{h ®D*)--- ® ® 5*) = Ji ® - Ri,j. 

We have 

i i j 

k=0 k=0 1=0 

Using the computation above, we get, for i = j < m, 

i 

{SmS^)i^i = /j (S> (/ — i?o,0-Ro,o) + ® Rl-l,l-l — li-l ® Rl,l) = I — Ri,i 

1=1 

and, for j < i < m, 

j 

{SmS^)iJ = —Ij'® Ri-j,0 + ''^^{lj-l+l® Ri-j+l-l,l-l — Ij-l®Ri-j+l,l) = ~Ri,j- 

1=1 

This completes the proof of the claim. If we let R be the operator whose 
matrix is (Rij) (letting Rij = if i or j is larger than m) then we get 
R = I — SmS^. But it is easy to verify that i? is a positive operator and, 
thus, ll^mll < 1. This holds for every m and, therefore, we can find a weak 
limit point of the sequence {Sm}- But this limit point it clearly equal to Soo, 
showing that 5*00 is indeed a bounded operator, with norm at most 1. 

Recall that the induced representation of H°°{E) on J^{E) S is the 
representation that maps X G H°°{E) to a-^^^\X) := X ® I^. The repre- 
sentation is faithful and is a homeomorphism with respect to the ultraweak 
topologies. Its image is the ultraweakly closed subalgebra of B{T{E) ® £) 
generated by the operators T^®Is and ipoo{a)(S)l£ for^^E and a G M. Sim- 
ilarly one defines the induced representation l-^^^"^ of H°°{E'^) on J-'(E°') ®8 
and its image is generated by the operators T^® I and (poo{b) ® / for e E'^ 
and b E N. Recall also, from [Si] Theorem 3.9], that there is a unitary 
operator U : J^iE") ®S ^ J^{E) ® S such that 

{i^^^"\H'^{E''))y = U*a^^^\H^{E))U. 
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That is, U gives an explicit representation of H°°{E'^) as the commutant 
of the induced algebra a^^^\H°°{E)). Thus, to show that Soc = U*{X®I)U 
for an X G H°°{E), we need only show that S^o lies in the commutant of 
(^H°° {E")) . And for this, we only have to show that it commutes with 
the operators (poo{b) ® I , b E N, and Tr^® I , rj E E" . Note that, matricially, 
^oo{b)®I is a diagonal operator whose i, i entry is ^i{h). For S^o to commute 
with it we should have, for all j < i, 

{Ij ® K,^j){ipj{b) ®I) = {ipi{b) ® ® Ki_j). 

This equality is obvious for j > 0. For j = it amounts to the equality 

K,b={^,{b)®Ie)K, 

and, this, as was mentioned above, follows immediately from the properties 
of A, B, C and D. To show that S'oo commutes with every ® I , rj E E" , 
note that, matricially, the j entry oiT^® I vanishes unless i = j + 1 and, 
in this case the entry is Lj (rj) . Equation ^ then ensures that Soo and Tr,®I 
commute. 

Thus, by [31] Theorem 3.9], there is an element X G H^{E) such that 
S'oo = U*{X ® I)U (= U*a^^'^\X)U). Since S'oo has norm at most one, so 
does X. 

It remains to show that X is given by the transfer function built from V . 
To this end, fix ^ G -E and recall that ^ defines a map W{^) : £ ^ E" ® £ 
via the formula W{^y{r] ® h) = Llr]{h), t] ® h e E'^ ® £ (See [Ml Theorem 
3.6].), and that W maps E onto the i-dual of E"^ . The desired properties 
follow easily from the definition of W . For every k > 0, 1^ ® W{C,y is a 
map from (^E")^''~^^ £ into {^E")®^ ® £. An easy computation shows that 
it is equal to the restriction of U*{T^ ® h)U to ® £. (Recall from 

[3n Lemma 3.8] that the restriction of U to (E^)®'=+^ ® £ \s defined by the 
equation [/(r^i (g) ■ ■ ■ (g) rik+i ® h) = (4 (g) r^i) ■ ■ ■ (Ji ® r]k)r]k+i{h) .) 

It then follows that the i,j entry of the matrix associated with U*{T^ (g 
Is)U vanishes unless i = j + 1 and 

Similarly one can show that, for ^ G E'^'', the i,j entry of the matrix associ- 
ated with U*{T^ ® Is)U vanishes unless i = j + k and 
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In the last equation, W{0, ^ G is a map from S to {^E'^)®^ ® £. 

Recall that we defined ^„ to be the vectors in E®"^ with W{^ri) = Kn- 
Thus we see that the n*^ lower diagonal in the matricial form of S^o is the 
matricial form of U*(T^^ ® l£)U . 

Recall from the discussion at the end of Section 2 in [H] that 5*00 is the 
ultraweak limit of the sequence where 

j=0 

Hence X is the ultraweak limit of Xk where 

j=0 

and, hvr] G E" , X(r/*) is the ultraweak limit of Xfc(r7*) = Ej=(l(l-f 

Fix t] & E" and k > 1. Then it is easy to check that, in the notation of 
the theorem, L*^{h B) = {h-i ® B)L* and L;(4 ® D) = (4_i ® D)L*, all 
as operators on {^E")®^ ® H. It then follows that for n > 1, 

{L;rw{^r,) = {l;yk^ = B{L;Dy^''L;c 

and 

oo oo 

A + B{i- l;d)-'l;c = a + Y, b^l^dt-'l^c = J2iL;rw{U- 

71=1 n=0 

(Note that the last series converges in norm). It follows from [3H Proposition 
5.1] that T\„{v*) = iL*TW{^n) and, thus, we finally conclude that X{r]*) = 

A + B{i - l;d)-^l*^c. 

The 'converse' portion of the Theorem is immediate from Theorems 13.21 
and [331 □ 

Corollary 3.7 Every Schur class operator function defined on a subset VL* 
of'D^E'^)* with values in some B{£) can be extended to a Schur class operator 
function defined on all oflD)[E'^)*. 
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Proof. Let Z he a Schur class function on Q* and apply Theorem 13.31 
to represent Z as the restriction to Q* of a transfer function. The result then 
follows from the evident combination of Theorems 13.61 and 13. 2[ □ 

Recall that every element X in H°°{E) with < 1 defines a Schur 
class operator function by evaluation at rj* for rj G B){E") (where a is a suit- 
able prescribed faithful normal representation of M) . We usually suppress 
reference to a and write X for this Schur class operator function. In general, 
however, the map X — ^ X is not one-to-one, and whether it is or not depends 
on the choice of a. Indeed, in the particular case when M = C and E = 'C^, 
so H°°{E) is Cn, and when a is the identity representation of C, Davidson 
and Pitts showed that the kernel of the map X X is precisely the commu- 
tator ideal in [I7]. We shall show in the next lemma that given E, if a is 
chosen to be faithful and have infinite uniform multiplicity, meaning that a 
is an infinite multiple of another faithful normal representation of M, then 
the map X i— >^ X will be one-to-one. It will be convenient to write K{a) for 
the kernel of the map determined by a, so that 

K{a) = {X G H^{E) : X(r/*) = 0, r/ G D(^")} (16) 
= {X G H°^{E) : a x r/*(X) = 0, G ©(E")}. 

Lemma 3.8 If a is a faithful normal representation of M on a Hilbert space 
H of infinite multiplicity, then K{a) = 0. Moreover, if {Xp} is a bounded 
net in H°°{E) and if there is an element X G H°°{E) such that for every 
rj G ©(i?'^), X/3(?7*) X{rj*) in the weak operator topology, then Xp X 
ultraweakly. 

Proof. It follows from the structure of isomorphisms of von Neumann 
algebras that any two infinite multiples of faithful representations of a von 
Neumann algebra are unitarily equivalent. It follows, therefore, that to prove 
the lemma, we can pick a special representation with this property that 
is convenient for our purposes. So let vr be the representation of M on 
J^{E) (g)^ H defined by vr = v^oo ® We shall see that K{it) = {0}. For 
,^ G -E let V{^) = T^<S)Ih- Then {V, vr) is a representation of E on J^{E)^„H . 
The integrated form of this representation is the induced representation ir-^^^^ 
restricted to H°°{E). It is a faithful representation of H°°{E). For < r < 1, 
(rV, vr) is also a representation ofE. It follows from [HH Lemma 7.11] that, for 
every X G H°°{E), the limit in the strong operator topology of (vr x rV){X), 
as r ^ 1, is (tt x V){X). Thus, for X ^ in H^{E), there is an r, < r < 1, 
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such that (vr x rV){X) ^ 0. Since for such r the inequality ||rl^|| < 1 holds, 
and we conclude that i^(7r) = {0}. 

For the second assertion of the lemma, suppose a bounded net {Xp] in 
H°°{E) has the property that for every rj E V>{E'"), Xj3{ri*) 0. Since the net 
is bounded, it has a ultraweak limit point Xq in H°°{E). Since "evaluation at 
rj*" is the same as applying a ultraweakly continuous representation, we see 
that Xfi{T]*) Xo{r]*) for every r] G B{E''). But then, Xo(?7*) = for every 
7] e 3{E'^) and, consequently, Xq = by the first assertion of the lemma. □ 

With this lemma in hand, we summarize the results of this section for 
future reference in the following corollary. 

Corollary 3.9 Let E be a W* -correspondence over the W* -algebra M , let a 
be a faithful normal representation of M on the Hilbert space 8 and assume 
that a has infinite multiplicity. Then the map X ^ X is a bijection from the 
closed unit ball of H°°{E) onto the space of Schur class B{£) -valued functions 
on '^{E'^y . Further, for each X in the closed unit ball of H°°{E), X is the 

transfer function associated with a system matrix ^ = ^ ^ ^ ^ defined in 

terms of a suitable auxiliary normal representation r of a{M)' on a Hilbert 
space H, and conversely, each such transfer function on 'D{E"')* , 

T]* A + B{i -l;d)-'l;c, 

is of the form X for a uniquely determined X E H°°(E): X(rj*) = A + B{I — 
L*D)-^L*C for all E ©(E'^). 

Proof. The proof is just the evident combination of Lemma 13.81 and 
Theorems [321 EJl and [3S1 □ 

Remark 3.10 One may well wonder why not stipulate at the outset that all 
a's have uniform infinite multiplicity. It turns out that in many interesting 
examples, such as those coming from graphs, which we discuss in the last 
section, the principal a 's one wants to consider fail to have this property. 

4 Applications to automorphisms of the Hardy 
algebra 

In this section we apply the analysis of Schur class functions to study au- 
tomorphisms of H^{E). Our first goal is to show that under very general 



25 



assumptions, the automorphisms are obtained by composition with (certain) 
biholomorphic automorphisms of the open unit ball of the dual correspon- 
dence. For the case were ii^ = C" , so that H°°{E) is the algebra studied 
by Davidson and Pitts and by Popescu, this was shown for the dual cor- 
respondence associated with the one dimensional representation a of C by 
Davidson and Pitts in [T7] . 

Throughout this section we will focus on automorphisms a of H°°{E) that 
are completely isometric and w* -homeomorphisms. Also, we shall usually 
assume that the restriction of a to ipoo{M) is the identity. 

It is known that, in various settings, one can assume much less. In [17], the 
authors begin by assuming that a is simply an algebraic automorphism but, 
to get the one-to-one correspondence with automorphisms of the unit ball of 
the dual, they need to impose also the assumption that the automorphism is 
contractive. It then follows from their results that it is, in fact, completely 
isometric and a w*-homeomorphism. In [22], Katsoulis and Kribs show that 
in the setting when E is determined by a directed graph, G say, so H°°{E) is 
the algebra they denote by Co, an algebraic automorphism is always norm- 
continuous and w*-continuous. 

As for the assumption that the restriction of a to ipoo{M) is the identity, 
we shall see that for many purposes this is no significant restriction. However, 
in some situations, it can be a significant technical headache to sort out what 
happens if we don't impose the assumption. We will comment on this further, 
as we proceed. (See, in particular, Remark [4. lOp . 

So, for the remainder of this section, unless specified otherwise, E will 
be a fixed Vr*-correspondence over a H^*-algebra M and a will be a fixed 
automorphism of H°°{E) that is completely isometric, w*-homeomorphic and 
fixes ipoo{M) element- wise. Also, a will be a faithful normal *-representation 
of M on a Hilbert space H. 

We think about elements of H°°{E) as functions on D(£"^)* via the func- 
tional representation developed in the preceding section and we want to 
study the transposed action of a on B>{E'^)*. For every t] G B>{E'^), let 
r(?7) : H E H he defined by the equation 

rivYii ®h)= MT^M)h (= {a x vl^m ), (17) 

^ h ^ E ®„ H . (Observe that if a is the identity automorphism of H°°{E), 
then this equation implies that r is the identity map, as it should.) The next 
lemma shows that r(?7) is well defined and is an element in the closed unit 
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ball of E'^. Thus r is a map from ]D){E'^) into 1D){E'^). What we would really 
like to show, however, is that r carries ]D){E'^) into 3{E'^), not the closure. At 
this stage, we can only arrange for this under special circumstances: Theorem 
14.71 below. The restriction on circumstances, however, is not so limiting as 
to eliminate many interesting examples. We also want to show that r is 
holomorphic on ]D)[E'^) in the usual sense of infinite dimensional holomorphy 

m- 

Lemma 4.1 For each i] G D(i?°"), t^t]) is well defined and lies in the closed 
unit ball of E" . 

Proof. For ^ e E, let S{^) := {a x 7]*){a{T^)). For every a,b e M, 
S{a^b) = {axr]*){a{Ta^b)) = {ax7]*){a{(pooia)T^ip^{b))) = (aoa)((/?oo(a))(cTX 
r]*){a{T^)){a o a){(poo{b)) . By our assumption, aoaoip^ = ao^p^ and, thus, 
(S, cr) is a covariant pair. Also, S" is a completely contractive map of E into 
B{H) as a composition of three completely contractive maps. Thus S* = rijj) 
lies in the closed unit ball oi E" . □ 

To determine circumstances under which r maps Ji{E^) into ©(i?'^), we 
fix G and determine circumstances under which T{zri) G for 

every 2; G D := {2; G C | \z\ < 1}. This will prove that r maps ©(i?'^) into 
itself. 

So for z G D, we define 

F{z) := T^ZT])*. (18) 

Thus, F{z){S, ^h) = {a X zr]*){a{T^))h for ^ G ^ and heH. 

Lemma 4.2 F is an analytic function from D into B{E H, H). 

Proof. Fix E, ® h E E ® H with ||,^|| < 1 and k E H, and consider the 
expression 

{F{z){^^h),k) = {^{zr]*)h,k). 

Since a(T^) G H°°{E) and ||a(T^)|| < 1, we know from Theorem 13.61 that we 

can write a{T^){zri*) = A + B{I — zL*D)~^zL*C for some system matrix. 
Thus 

00 

'^^{zr]*) =A + zBL;C + z^B{V^f-^L*^C. 

k=2 
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Hence, for every ^ ® h G E ® H (even when ||^|| > 1) and k E H, the 
function z t-^ {F{z){C, h),k) is analytic. Since ||F(z)|| < 1 by Lemma [4?T1 
\{F{z)g, k)\ < \\g\\\\k\\ for every g E E ® H and k E H and it follows that, 
for each such g,k, the function fg,k{z) := {F{z)g,k) is analytic in © and 
\fg,k{z)\ < We can then write fg^k as a convergent power series 

= Y.'k=o^n{g,k)z'^ and, for every > 0, \an{g,k)\ < \\g\\\\k\\. But then 
there are operators An G B{E ® H,H) with \\An\\ < 1 such that an{g,k) = 
{Ang,k) for g E E ^ H and k E H. Hence F{z) = YlT=o^"^^n where the 
sum converges in the weak operator topology. Since < 1 and the norms 
of {An} are bounded by 1, the series converges to F{z), for z G D, in the 
norm topology. We conclude that F{z) is analytic. □ 

If we were dealing with scalar- valued functions, we would be able to assert 
that |-F(-2)| < 1 for all z G D, unless F is constant, by the maximum modu- 
lus theorem. Unfortunately, an unalloyed version of the maximum modulus 
theorem does not hold in our setting. This is what leads to the special hy- 
potheses on T in Theorem 14.71 The next few results, then, which lead up to 
Theorem 14.71 come out of our efforts to find a serviceable replacement for the 
maximum modulus theorem. Our first theorem in this direction. Theorem 
14.41 is closely related to [361, Proposition V.2.1]. It does not seem to follow 
directly from this result, however. Instead, we appeal to the following lemma, 
which in turn is an immediate application of an operator form of the classical 
Pick criterion for interpolating operators at pre-assigned points by operator- 
valued analytic functions. As such, it may be traced back to Sz.-Nagy and 
Koranyi's infiuential paper [37|. It also is a consequence of Theorem 6.2 in 
(31], where it is presented as a corollary of our Nevanlinna-Pick Theorem. 

Lemma 4.3 // K, H are Hilbert spaces and if F : D ^ B{K, H) is an 
analytic function satisfying \\F{z)\\ < 1 for all z eB>, then, for every zi,Z2 E 
V>, the matrix 



is positive. In particular (setting Z\ = z and Z2 = 0), for every z eH, 



Theorem 4.4 Suppose H and K are Hilbert spaces and suppose F : D 
B{K, H) is an analytic function that satisfies the following conditions: 





(19) 
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(1) \\F{z)\\ < 1 for allze ©. 

(2) There are projections Pi,P2 in B{H) that sum to Ih and projections 
Qi, Q2 in B{K) that sum to Ik and satisfy: 

(i) PiF{0)Q2 = and P2F{0)Qi = 0. 

(ii) PiF(0)F(0)*Pi = Pi. 

(Hi) P2F{0)F{0yP2 < rP2 for some < r < 1. 
Then, for every 2; G D, 

(1) PiF{z)Q2 = 0. 

(2) P,F{z)Q, = P^F{0)Q,. 

(3) There is a function qo{z) on D, such that < qo{z) < 1 for all z E 
and such that P2F{z)F{zyP2 < qo{z)P2. 

Proof. It will be convenient to use the projections Pi, P2 and Qi, Q2 to 
write F{z) matricially as 



where A(0)A(0)* = Pi and P>(0)P>(0)* < rPs. 

Since F satisfies the conditions of Lemma 14.31 Equation [19] holds for all 
2 G D. Compressing each entry of the matrix in (fT9l) to the range of Pi and 
using the fact that A(0)A(0)* = Pi and that PiP(0)Q2 = 0, we get 



It follows that Pi = PiF{z)QiA{fd)*. Thus < {PiF{z)Qi-A{fd)){QiF{z)*Pi- 
A(0)*) = PiP(z)QiP(z)*Pi+A(0)A(0)*-PiP(2)QiA(0)*-A(0)QiP(2)*Pi < 
0. Consequently, A(0) = PiF{z)Qi (for every z G D). 




so that, by assumption. 





(20) 
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But then PiF{z)QiF{zyPi = Pi and, since PiF{z)F{zyPi < 
Pi, PiF{z)Q2 = 0. This proves (1) and (2). 

Compress each entry of (fTOl) to the range of P2 to get 



Write A for the positive square root of P2 — D{0)D{0)* and note that A is 
invertible as an operator on the range of P2. Equation (|2B implies that 



{P2 - D{Q)D{zy)A-\P2 - D{z)D{Or) < 1 - >■ 

Since D{0)D{zy lies in B{P2{Hy and has norm strictly less than 1 (as 
11^(0)11 < 1), P2 - D{0)D{zy is invertible in B{P2{Hy and so, there- 
fore, is (P2 - D{0)D{zy)A-^{P2 - D{z)D{Oy). Hence, for each z E B 
there is a qiz) > 0, such that P^~P^^i^)WP^ > (p^ - D{0)D{zy)A-^{P2 - 
D{z)D{Oy) > q{z)P2. Thus, 



which yields P2F{z)F{zyP2 < (1 - q{z){l - \z\^yP2- So, if we set qo{z) = 
(1 — q{z){l — \z\'^y, we obtain a function with the desired properties. □ 

We return to our analysis of the special function F : 3 B{E H, H) 
defined in equation (fTSll . 

Lemma 4.5 The function F defined by equation [18\) satisfies: 

(1) For every 2; G D and a G M, F{z){(pE{a) (g) Ih) = cr{a)F{z) and 
F{z)F{zy commutes with a{M). 

(2) For every he (y{M)' , bF{0) = F{O){lE0b) and F{0)F{Oy G 3(fT(M)). 

Proof. Since F{zy G E" by Lemma liTTl (1) holds. For (2), simply note 
that 6F(0)(e 0h) = ba{T^){0)h = a{T^){0)bh = F{0){^ ® bh) = F(0)(/e (g) 
b){^ (g) h), where we used the fact that for every X G H'^{E), X(0) G a{M). 
□ 

Definition 4.6 Let t be the map defined by equation ( fTTj) . We say that r(0) 
splits if there are projections Pi, P2 in cr(M)' such that 




(21) 



P2 - P2F{z)F{zyP2 > (1 - \z\^)q{z)P2, 
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(i) Pl + P2 = I, 

(ii) Pir(0)*r(0)Pi = Pi and 
(in) P2r(0)*r(0)P2 < rP2 for some r < 1. 

Note that r(0) = P(0)* so that, although F depends on a choice of 77 e 
D(£"^), P(0) does not. It follows from Lemma [45l therefore, that r(0)*r(0) 
lies in the center of cr(M), ^{(t{M)) = a(3(M)). 

Note also that, if the center of M, 3(^), is an atomic abelian von Neu- 
mann algebra, then r(0) always splits. This is the case, in particular, if 
M is a factor or if M = C". It is also the case, therefore, when E is the 
correspondence associated with a (countable) directed graph. 

When r(0) splits we have the following. 

Theorem 4.7 Assume that the left action map of M on E, ipE, is injective 
and that r(0) splits. Then the map r defined in equation fT7\) ) maps ro(_E'°") 
into itself and satisfies the following equation 

for every X e H°°{E) and rj e B{E^). 

Proof. Fix T] G I}{E'^) and let F be the map defined in (fTSll . Since 
r(0) = P(0)* splits, there are projections Pi,P2 as in Definition 14.61 Using 
Lemma 14.51 we see that the conditions of Theorem 14.41 are satisfied with 
K = E H and Qi = Ie ® Pi, i = 1, 2. Thus, 

P,F{z) = PiF{z){Ie ® Pi) = PiF{0){Ie ® Pi) = PiP(O) 

for all zeB. Consequently, for all ^eE, Pi{cxx 2/7*) (^(T^)) = Pia{am)o) 
where, for X G H°°{E), Xq is the image of X under the conditional expec- 
tation onto (poo{M). Since the representation a x zrj* is iy*-continuous and 
a is surjective, we have for all X G H°°{E)^ 

Pi(ax^77*)(X) = Pia(Xo). 

In particular, letting X = T^, we see that Pi(cr x zrj*)(T^) = 0. Since, for 
h e H, {a X zr]*)(T^)h = Pir]*{^ (g, h) = we have r/Pi = 0. (Recall that 
Pi G (t(M)' and, thus, ?7Pi is well defined since E'^ is a right module over 
a(M)'). 
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Since r] is arbitrary in ©(E'^), ETi = 0. If Pi ^ 0, it follows that E'' is 
not full and, using Lemma [2.20l the map (pE is not injective, contradicting our 
assumption. Thus Pi = and it follows from Theorem 14.41 that ||P(2;)|| < 1 
for every z. since this holds for all r] G ©(i?'^), the conclusion of the theorem 
follows. □ 

Next we show that the map r is holomorphic on 'D{E'^). We view it 
as a map into B{H,E H). To be holomorphic is the same as being 
Frechet-differentiable. If we use [211, Theorem 3.17.1] and the fact, proved in 
Lemma [4Tl that r is bounded, it suffices to show that r is (G)-differentiable 
in the sense of [2T], Definition 3.16.2]. But if we apply [211 Theorem 3.16.1], 
this means that we have to show that for every rjo,!] G ©(i?'^), the function 
G{z) := T{r]o + zr]), defined on D{rj,r]o) := {z G C||2;| < (1 - ||^?o||)/||^||} is 
holomorphic in the sense of [2ll Definition 3.10.1]. 

Since the set of all functionals on B{H,E ® H) that are w*-continuous 
is a determining manifold for B{H, E ® H) in the sense of [2ll Definition 
2.8.2], it suffices to show that for every w*-continuous functional w, the map 
z I— > wijiriQ + zrj)) is holomorphic on D{rj,rjQ). It is enough, in fact, to 
consider all functionals of the form T {Th, ^ k) for h,k & H and ^ in 
the unit ball of E. 

So we fix riQ,!] G P°", h,k E H and ^ G P with ||^|| < 1 and write 
f{z) = (r(?7o + zri)h,C, k) for z G Dijj.rjo). We have 

f{z) = {h, r(r7o + zr^n^ ® k)) = {KMT^{r^l + ^r/*)A;). 
Note that by Theorem 13.61 we can write 

oo 

+ zr^*) = ^ + E + -^L;)Dr-\Ll + -zL*^)C 

m=l 

where A, B, C, D are from some system matrix and the sum converges in 
norm. Thus 

oo 

fiz) = {A*h,k) + Y,{C*{K + zL,){D*{L,, + zL,)r-'B*h,k) 

m=l 

and this function is clearly holomorphic. 
We can conclude: 

Corollary 4.8 The function t is a holomorphic map from ©(P*^) to its clo- 
sure. 



32 



Theorem 4.9 Let E be a faithful W* -correspondence over M, let a be an au- 
tomorphism of H°°{E) that is completely isometric, is a w* -homeomorphism 
and leaves (poo{M) elementwise fixed, and let a be a faithful representation 
of M. Write r for the transpose of a defined in equation and write 9 
for the map associated similarly with . If both r(0) and 6{0) split (as in 
Definition \4-6\ ) then t is a biholomorphic map of the open unit ball of E'^ , 
= 9, and, for every X E H°°{E), 

{^)M) = X{r{r^r) , G B{E-). (22) 

Proof. We already know that, under the conditions of the theorem, both 
T and 9 are holomorphic maps of the open unit ball. It follows from equation 
([nD that, for every ^ e E, h e H and rj e ©(E^), Mj^iv*) = ^(^)*(^ ® h). 
But r(77)*(^ <»h) = f^{r{r]y), so that equation ((221) holds for T^. It also 
holds for ipoo{ci), a G M, since a(v3oo(o.)) = V^oo(fl)- Therefore it holds for 
every X in a w*-dense subalgebra of H°°{E). By the w*-continuity of a, 
equation (l22l) holds for every X G H°°{E). Since a similar claim holds for 

a-^ and 9, we conclude that for all X G H^{E), X{r]*) = a-^a{X)){7]*) = 
^){9{r]y) = X{T{9{7])y). Thus r"! = 9. D 

A biholomorphic map r is said to implement a if equation (l22ll holds. 



Remark 4.10 If a is implemented by r in the sense of equation [2E) . then, 
writing this equation when X = Lpoo{a), a G M, shows that a leaves Lpoo{M) 



elementwise fixed. Also, inspecting the proof of Lemma one sees that, if 
a does not have this property, the map r, defined in equation ( fT?]j would map 
the unit ball of E'^ into the unit ball of E'^ where re = aoip^oaoip^. One can 
study such automorphisms by studying these maps but the situation becomes 
quite complicated, unless one makes a global assumption to begin with, vis., 
that a has uniform infinite multiplicity. In that event, by properties of normal 
representations of von Neumann algebras, a and ir are unitarily equivalent. 
Say 7r(-) = ucr{-)u* for some Hilbert space isomorphism from the Hilbert space 
of a to the Hilbert space ofn. Then it is a straightforward calculation to see 
that E'^ = {I ® u)E'^u* . It is then a straightforward matter to incorporate u 
into our formulas. 

As we have remarked before, ©(i?'^) is the unit ball of a J*-triple system. 
It results, therefore, from well-known theory |20| that the biholomorphic 
maps of are determined by Mobius transformations (and "isometric 
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multipliers"). As we shall, however, the Mobius transformations of Bi{E'^) 
that implement automorphisms ofH°°{E) have to have a special form: They 
must be parametrized by "central" elements of B){E") in the sense of the 
following definition. (See also Remark 2.1.3 of [B]). 

Definition 4.11 Let E he a W* -correspondence over a W* -algebra M . The 
center of E^ denoted "bi^E), is the set of C, E E such that = for all 
ae M. 

Lemma 4.12 (1) The center 3{E) of a W* -correspondence E over M is 
a W* -correspondence over the center 3{M) of M. 

(2) Let a he a faithful normal representation of M on the Hilhert space 
S, and for ^ E E, define $(0 '■= where L^ maps S to E ® 8 via 
the formula L^{h) = ^ ® /i. Then the pair (o", $) defines an isomor- 
phism of b{E) onto "bi^E") in the sense of Definition \2.Sl (Here, "d^E) 
is a correspondence over 3{M) and 3{E'^) is a correspondence over 
3(a(M)') = = aO{M)))- 

(3) Given a faithful representation a of M on the Hilbert space £ and 7 G 
D(£''^), then 7 lies in the center of E'^ if and only if the representation 
cr X 7* maps H°°{E) into a{M). 

Proof. It is clear that "bi^E) is a bimodule over 3(^) and, to prove (1), 
we need only show that the inner product of two elements in "b^E) lies in 
3(M). For a EM, ^1,^2 G 3(^) we have 

Hence the inner product lies in the center of M, proving (1). We fix a 
faithful representation a of M on For ^ E 3{E), a E M and h E £ we 
have L^a{a)h = ^ ^„a{a)h = C,a^h = aC,®h = {a®L)L^h. Hence, E E" . 
Given b E a^M)' and h E £ we have L^bh = ^ ® 6/i = {Le ® b)L^h. Thus L^ 
lies in ^iE"). 

For ^ E 3(£'), a,b E 3(M), and h E £, La^bh = a^b ^ h = ^ab ^ h = 
^ ® a{a)a{b)h = (/ ® a{a))L^a{b)h hence 

^aib) = a{ami)a{b). 

For G 3(-E') we have L^^L^^ = o"((6,6))- Therefore the pair (cr, $) is 
an isomorphism of 3(-E') into 3(-E"^)- 
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To prove that the map $ is onto, fix an 77 G '^{E'^). Then, 77 is a map 
from £ to E ®„ £ satisfying 



rja{a) = {a® I)r] 



(23) 



and 



r]h = {I ® b)ri, 



(24) 



for a e M and b e a(M)'. Define the map ip : E ^ B{£) by ^/^(C) = ri*LQ 
and note that for h e a{M)' and he£, r]*L^bh = ?7*(C ® bh) = r]*{I ® b)Lc_h. 
Using (i24l ) the latter is equal to bri*L(^h. Hence ^(C) lies in a{M). Also 
V'(Cc^) = ^(C)'^(c^) for all a e M and it then follows from the self duality 
of E that there is an ^ G ^ with C) = (t"HV'(C))- Thus, for all C e ^, 
L|L^ = o"((^, C)) = ^7*-^^^ conclude that 17 = L^. 

It follows from fl23l) that, for all a G M, L^^ = r7cr(a) = {a® I)rj = La^, 
showing that ^ lies in 3{E). 

Finally, to prove (3), fix an 77 G 3{E'^) and write (T,a) for the covariant 
pair associated with a x rj* (so that, T = r]*). Then the representation maps 
H°°{E) into a{M) if and only if, for each ^ E E, T(0 e a{M). This holds 
iff, for all b G a(M)', ^ G E and G ^, f (/£®6)(§®/i) = T(0&/i = 6T(0/i = 
bT{^ (g) /i); that is, if and only if T{l£ ®b) = bf for every b G a{M)' . But 
the last statement says that 77 lies in the center of □ 

The following example may help to show that the center of a correspon- 
dence is much less "inert" than the center of a von Neumann algebra. 

Example 4.13 Let M he a von Neumann algebra and let a he an endomor- 
phism of M. Then we obtain a W* -correspondence over M, denoted aM, by 
taking M with its usual right action and inner product give by the formula, 
77) = ^*7/ and hy letting a implement the left action. Then an element ^ 
in aM lies in the center of aM if and only if ^ intertwines a and the identity 
endomorphism; i.e., ^ G "diaM) if and only if a{a)^ = for all a G M. 
3{aM) is a much studied object in the literature and the preceding lemma 
spells out some of its important elementary properties. 

Our goal now is to develop the properties of Mobius transformations of 
I]){E'^) and to identify those that implement automorphisms of H°°{E). To 
this end, fix a faithful representation a of M on a Hilbert space £. Set 

= cr(M)', write K = £ Q) {E £), and define the (necessarily faithful) 
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representation p of on by the formula 




, Sen. 



For 7 G we set := {Is — 7*7)^/^ - an element in B{S) - and 

A^^, := (/£;(g)£: — 77*)"*^^^ - an element in B(E (g) £). When 7 is understood, 
then we shall simply write A for A^ and A^, for A^*. Given 7 G B>{E") we 
define the map on 3{E'^)* by the formula, 

g,{z*) = A,(/ - ^*7)-'(7* - ^*)A-\ (25) 

z G Di^E"). Then (7^ is a biholomorphic automorphism of ©(-E'^)* that maps 
to 7* and 7* to 0. Further, g"^ = id, and every biholomorphic map g of 
B{E''y is of the form 

g = wog^ 

where w is an isometry on {E'')* and 7* = w~^g{0) [20]. When 7 lies in 
the center of E'^ , we see that g^ maps the center onto itself and it follows 
that every biholomorphic automorphism of the open unit ball of [E^]* that 
preserves the center is of the form 

g = wog^ 

where 7 lies in the center and w is an isometry on {E"")* that preserves the 
center. 

If z G D(i?°"), then the series Yl^=oi^*l)^ converges in norm to the oper- 
ator in A^, (/ — -2*7)^^ = Yl^=oi.^*l)^ ■ Oii^ easily calculates, then, that 

g,{z*) = A7*A;1 - A(/ - z*^r'z*A,. 

Recall that the equation U{z®h) = z{h) defines a Hilbert space isomorphism 
U : E" ® £ ^ E ® £ [31], p. 369]. Consequently, as maps on £, UL^ = z and 
z* = L*U*. Thus we may write 

g^{z*) = A7*A;1 - A(/ - LlU*j)-^LlU*A,. 

We write Ki = E ®a £ for the second summand m K = £ ® {E £) and 
we let qi denote the projection from K onto Ki. Likewise, we set K2 = £ 
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with projection g2- Corresponding to the direct sum decomposition, we define 
V by the formula 

V-(^^*^" -^^■('''^^f ^ (26) 

^ - V u*A, u*^ J ■[ s J [e'^^s )■ ^^^^ 

If we calculate VV*, we find that the off diagonal terms vanish and the 
terms on the diagonal are A7*A~^7A + and U*{Al + 77*)f/. Since 
^* + 77* = Ie(^s, the latter expression is U*U = Ie'^^s = For the first 
expression, we note that 7*Aj^7 = 7*(/ — 77*) """^7 = (/ — 7*7)"^ — 1 and 
AY^-'^lA + A^ = A((/ - 7*7)-^ - /)A + A^ = Jf. This shows that is a 
coisometry. Similar computations show that it is, in fact, a unitary operator. 
Thus K is a transfer operator. 

We want to apply Theorem 13.61 to obtain an element X G H°°{E) with 
X{rj*) = g-y{ri*), for rj G ©(-E'^). To do this, we first let F be the correspon- 
dence E'^ and then F^ is a correspondence over p^N)'. In order to apply 
Theorem 13.61 we let M, in that theorem, be the von Neumann algebra p{N)' 
and let a there be the identity representation of p{N)' on K (so that S there 
is K). E in that theorem will be F^ and N there (the commutant of cr(M)) 
will be p{N). The representation r of iV then will be the map p~^ of p{N) 
on S (so that S will play the role of H there). Also, qi will be as above. We 
set A = AYA-\ B = -A,C = f/*A, and D = U*-f. These A, S, C and D 
give rise to the matricial operator V of equation (l26l) . In order to show that 
the assumptions of Theorem 13.61 are satisfied, we have to show that these op- 
erators {A, B, C and D) all have the required intertwining properties. (Note 
that we have already checked that is a unitary operator). 

The required intertwining properties are: 

(a) A = A7*A;^ lies in q2p{Nyqi. 

(b) B=-A lies in A^'. 

(c) For every SeN, U*A,{Ie ® S) = {S h)U* A, on E(g)S. 

(d) For every 5 G A^, U*^S = {Ie O S)U*^ on S. 

Indeed, recall that 7 lies in the center of E'' and, thus, for S E N, jS = 
(/ (8) S)'y. Therefore A commutes with A^ and A^, commutes with / (S) 5" for 
S & N. This implies (a) and (b). Recall that, for h E £^ U*'yh = 70/1 and, 
thus, U*-fSh = j^Sh = (/(g)S')(7®/i) = {I^S)U*-fh proving (d). For (c). 
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it suffices to note that U{S ^ 1)11* = I ® S and A^, commutes with I ® S for 
all S eN. 

We can now apply Theorem I3.6[ Since plays the role of E in that 
theorem and the identity representation of p{N)', id, plays the role of a, 
E" in that theorem is replaced by (F^)*'^ which, by the duality theorem [3T] 
Theorem 3.6 ] is isomorphic to -F = E'^ . We therefore conclude: 

Lemma 4.14 For every 7 G D(3(-E'^)), there is an X in H°°{Fp) with 
\\X\\ < 1 such that, for all z G BiE"), X{z*) = g^{z*). 

Note that g-y{z*) is an operator from E ® £ into £ and can be viewed 
as an operator in B{K) which is where the values of X, as an element of 
H°°{FP), lie. 

We can now use [m Theorem 5.3] to prove the following. 

Corollary 4.15 Fix 7 G D(3(-E'^)) as above. Then, for every Zi,Z2, ■ ■ ■ ,Zk 
in the map on Mfc((T(M)') defined by the k x k matrix 

{(id - o (id - 

is completely positive. 

Proof. Applying [311 Theorem 5.3] to X of Lemma 14.141 we get the 
complete positivity of the map defined by the matrix 

{{I-Ad{g,{z:),g,{z*)))oizd-e,^,,^)-'). 

But note that, for every & G o-(M)', Ad{g-y{z*) , g-y{z*)){p{b)) = g^{z*)p{b)g^{z*y = 

{g,{z*y,bg,{z*y) = e,^(^,.),,,^^,,),{b). □ 

Corollary 4.16 Let Z : D(£''^)* B{£) be a Schur class operator function 
and let 7 be in D(3(^'')). Then the function : ©((E'^)*) B{£) defined 
by 

Z,{v*) = Z{g,{r^*)) 
is also a Schur class operator function. 

Proof. For every r]i, r]j in B{E") we have {id-Ad{Z{g^{r]*)), Z{gj{r]*))))o 
{id - e,^J-' = {{id - AdiZig.ir^:)), Z{g,{r^*)))) o {id - ° 
{id — 0g.,{ri*)*,g^{ri*)*) ° {id — O-qi^rij)"^) ■ Hcucc the map associated with Z^ is 
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a composition of two completely positive maps and is, therefore, completely 
positive. □ 

For the statement of the next lemma, recall from pT], end of Section 
2] that every X G H°°{E) has a "Fourier series" expansion given by a se- 
quence of "Fourier coefficient operators" {Ej}. (In [31] we wrote {^j} for 
this sequence). Each map is completely contractive, w*-continuous and 
KjiT^^T^^ ■ ■ ■ T^j.) = T^^T(^2 ' ' ' ^Cfc if j = k and is zero otherwise. The Cesaro 
means of the "Fourier series" of X converge to X in the w*-topology. 

Lemma 4.17 Let a be a normal, faithful, representation of M on a Hilbert 
space H and let K{a) denote the kernel of the map X X defined in 
equation ( f76]j . 

(t) K{a) C{Xe H^{E) I Eo(X) = Ei(X) = 0}. 

(ii) If for every k E N, V{(r/^'=)(//) | E D(^'^)} = E^'' ® H, then 
K{a) = {0}. 

(Hi) Every completely isometric automorphism a of H°°[E) that is a w*- 
homeomorphism and is implemented by a biholomorphic map of3{E'^) 
in the sense of f2E} leaves K{a) invariant. In particular, K{a) is 
invariant under the action of the gauge group and, thus, under the 
maps Efe, /c > 0. 

Proof. Write Ci for {X E H^{E) \ Eo(X) = Ei(X) = 0}. Then for 
every X E H°^{E), X = Eo(X) + Ei(X) + Xi where X^ E Ci. Note that 
for every rj E 'B{E"), every < t < 1 and every /c > 0, Efe(X)((tr7)*) = 
t^E(X)(r7*). Thus, for X E K{a), = X((tr/)*) = Eo(X)(r7*) +tEi(X)(r/*) + 
t^S where 5* is some bounded operator on H. Since this holds for every 
< t < 1, we have (by differentiation) Eo(X) = and Ei(X)(r7*) = for all 
rj E D(E'^). Write Ei(X) = (for some i E E). Then, for h E H and 
rj E ©(E'^), = Ei(X)(?7*)/i = 7]*{i®h). Since V{r/(if)| rj E ©(E'^)} = E®H 
( [3n Lemma 3.5]), we find that ^ ® h = Q ioi dl\ h E H . Since E is faithful, 
this implies that ^ = 0, completing the proof of (i). 

We can also write = X((tr/)*) = Eo(X)(r/*) + t^i{X){ri*) + ■■■ + 
t^¥.k{X){ri*) + t^+^S and conclude that ¥.j{X){r]*) = for all j < k. We 
can then continue as above but to be able to conclude that Efc(X) = we 
need the condition in part (ii) (to replace the use of [Ml Lemma 3.5] in the 
argument above). 
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To prove (iii), note that the invariance of K{a) under an automorphism 
a as in (iii) follows from (i22ll . The invariance under the gauge group (and 
under E^,) is then immediate. □ 

The following proposition is obvious if i^'(cr) = {0}. But, in fact, it holds 
for every faithful, normal representation a. The argument uses an idea from 
[TTI Proof of Theorem 4.11]. 

Proposition 4.18 Let a be a faithful, normal representation of M and let 
a,P be two homomorphisms of H°°{E) into itself such that [3 is completely 
isometric, surjective and a w* -homeomorphism, while a is completely con- 
tractive and w* -continuous. Suppose they satisfy the equation 

for all X G H^{E) and rj G D(E'^). Then a = p. 

Proof. It is clearly enough to assume (3 = id and a{X){ri*) = X{ri*). 
Note that a, viewed as a representation of H°°{E) on J-'{E) <^a- H (whose 
restriction to ipoo{M) is v^oo(') ® Ir), can be written as {(Poo{-) ® ^h) x C* 
for some ( in the closed unit ball of the (Poo{-) ® /j^-dual of E. Thus, for 
k G J'iE) ®, a{T^)k = (C*)(e ® k) and \\a{T^)k\\ < U ® ^11 = ll^c^ll- 

Fix h G H viewed as the zero*'' summand of J^{E) H. Then for every 

\\a{T^)h\\ < \\T^h\\. 

By construction a(T^) — G K{a). But also, by Lemma [4.17( i). for every 
X G K{a)^ Xh is orthogonal to T^h. Thus 

\\a{T^)hr = \\{a{T^)-T^)hr+\\T^hr > \\T^hr. 

We conclude that for every h E ('^(^5) = 0. It follows that a(T^) = 

for all C, E E. Since a is a w*-continuous homomorphism, a{X) = X for 
allX G H'^iE). □ 

The following lemma will prove very useful when we deal with a repre- 
sentation a for which K{a) 7^ {0}. It relates the cx-dual with the vr-dual 
where vr is the representation defined in the proof of Lemma 13.81 (for which 
Kin) = {0}). 

Lemma 4.19 Let a be a faithful representation of M on H and n be the 

representation if ao® I H of M on K := J^{E)®H. Letip : (j(M)' {ip^{M)^ 
IhY be defined by ip{b) = lE^h and let : E" ^ E"" be defined by "^{r]) = 
Ir(E) ® V- Then we have the following. 
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(1) The pair (■0,^) is an isomorphism of E"^ into (not necessarily onto) 
E'^ satisfying 



where Ph is the projection from K to H (viewed as a subspace) and 
Pe®h is the projection of E ® K onto E ® H . 

(2) For every X e H'^{E) and C G that satisfi.es (Ph = PsmC, we 
have C\H G E^ and the restriction ofX{C,*) to H (viewed as a summand 
ofT{E)®H = H®E®H®---) isX{{C\Hy). 

(3) There is an isomorphism $ of '^{E'^) onto '5(E'^) satisfying 

$ (7)Ph = PEm'^il) = 7 , 7 e 3(^"). 

(4) For TjeE" and^e ^iE"), 

Proof. It is clear that ip is indeed an isomorphism into (ipooiM) (g) Ih)'- 
Note that it follows from the intertwining property of ?7 G E^ that ^(r/) 
is a well defined bounded operator. To show that ^ maps E"^ into E"" , fix 
rj e E'' ,e®h e J^{E)®H and a G M and compute {Ijr(^E)'S)r])n{a){9®h) = 
{Ir{E) ® v){^oo{cl)0 ® h) = ipoo{ci)6 ® Tj{h), where we view T{E) ® E as the 
subspace of J-'{E) consisting of all the positive tensor powers of E. But 
the last expression is equal to {ifi^{a) ® Ih){Ij^{e) ® r]){9 ® h), showing that 

To show that the map is a bimodule map, fix rj E E"" , b,c E a(M)' 
and 6 ® h e T{E) ® H. Then '^{cr]b){e ® h) = 6 ® {cr]b)h = 6 ® {Ie ® 
c)r}bh = ij{c){9 ® rjbh) = ip{c)'^{ri){9 ® bh) = i){c)^!{vi)i){b){0 ® h), proving 
that the image of \l/ lies in E'^ . Regarding the inner product, we have: 

(771 ),^' (772)) = ^(77i)*^(772) = {Ihe)®Vi)*{Ihe)®V2) = {Ihe)®vIV2) = 
'^{{VijV2)) for all 771,772 G E'^ . Thus {ip, \E') is an isomorphism of E'^ into E^ . 
The proof of the equation ^{rj)PH = Pe®h^{ii) = t} ioY t] E E"^ is easy. This 
proves (1). 

To prove (2), let C G satisfy (Ph = Pe®hC and fix a G M and 
h e H. Then {C\H)a{a)h = C(<^oo(a) ® lH)h = (cfEia) ® lK)PEmCh = 
{ipE{a)®lH){C\H)h. Thus, C\H e E" . To prove that X((C|ii')*) = X(C*)|ii', 
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let, first, consider X = ipoo{a) for a G M. Then X{C^*) = ipco{o) ® Ih and 
X{{'q\Hy) = a{a) and (2) holds in this case. Take X = for some ^ e E. 
Then, for /i G if C J^{E) ® H, X{C)h = Ci^ (S) h) = {C\Hy{^ (g) h) = 
X{{(\H)*)h. In particular, we see that H is invariant for all X{(*) where 
X runs over a set of generators. Thus, H is invariant under X{(*) for all 
X G H°°{E) and (2) holds for all X's in a ti;*-dense subalgebra of H°^{E). 
Since the map X i— > X{C*) is w*-continuous, we are done. 

To prove (3), recall from Lemma[4l2] (2) that both "diE") and '^{E'^) are 
isomorphic to 3(-E)- Combining these two isomorphisms, we get More 
precisely, every rj G "bi^E") is equal to for some ^ G 3(-E) (that is, rj{h) = 
i®h,heH). Then we set ^{ri)k = I ® k for k e K = T{E) ® H. The 
equation $(7)Pf/ = Pe^h^{i) = 7 , 7 G Sl-E'^) follows easily. 

Part (4) follows from (1) and (3). □ 

Fix X G H'^{E) with ||X|| < 1, let vr = foc^^In, as in Lemma[331 and let 
7 be an element of D(3(-E'^)). Then if X is the Schur class operator function 
on B){{E'")*) determined by X then by Corollary 14.161 X o also is a Schur 
class operator function on B){{E'")*). By Corollary 13.91 there is an element 

a^{X) in H°^{E), whose norm does not exceed 1, such that a^{X) = X og^. 
Further, by Lemma [3.81 this element is uniquely defined. We can, of course, 
extend this to a map, a^, from H°°{E) to itself such that, for X G H°°{E) 
and 7] G B{{E^Y), 

^W)=X{g,{r^*)). (27) 



Lemma 4.20 Let a and n be as in Lemma[4-19[ Then: 



(i) For every 7 G D(3(-£''^)), Ci^, defined by equation l[27\) is an auto- 
morphism of the algebra H°°[E) that is completely isometric and is a 
homeomorphism with respect to the ultraweak topology. 

(ii) For every 7 G D(3(-E'^)) let be defined to be a${'y) (with $ as in 
Lemma [4-1^ - Then, for every X G H°°{E) and rj G E" , 

^){^*)=X{g,{rj*)). (28) 

Proof. We first prove (i). Linearity and multiplicativity of are 
easy to check. Since g"^ = id, is invertible (with = a^). So it is an 
automorphism. Since maps the closed unit ball of H°°{E) into itself (as 
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does the inverse map), is isometric. It is, in fact, completely isometric. 
To see this, consider, for n G N, the algebra H°°{Mn{E)), associated with 
the iy*-correspondence Mn{E) over the von Neumann algebra Mn{M). The 
corresponding Fock space is Mn{T{E)) and the algebra can be identified with 
Mn{H°°{E)). The representation a of M gives rise to a representation an 
of M„(M) on = C^®H (with a„(M„(M))' = Jen ® a{M)' = a(M)'). 
One can check that E'' ^ (M„(E))'"". For 7 G 3(^''), write 7' for the 
corresponding element of ^{Mn^E")). Then ay acts on Mn{H°°{E)) by 
applying to each entry. Since we know that ay is an isometry, it follows 
that is a complete isometry. 

It is left to show that is continuous with respect to the ultraweak 
topology. 

For this, let {X/3} be a net in the closed unit ball of that converges 

ultraweakly to X. Since evaluating at rj* (for rj in the open unit ball) amounts 
to aj)plying a ultraweakly continuous representation , we have, for every such 
T], Xj3{r]*) —>■ X{ri*) in the weak operator topology. Since this holds for g-yij]*) 
in place of 77, we see that, for every 77 in the open unit ball of E'^ , 

Using Lemma [3781 we find that a^{Xp) a^(X) in the ultraweak topology. 
This proves (i). 

Part (ii) of the lemma results from the following computation 

= a^^)i^ivr)\H = X(^7^(,)(vl>(r^)*))|i7 

= X{g^^,)i^ivr)\E ®H)= Xig^ivY), 

where we used equation ( l27ll and Lemma 14.191 □ 

Note that we needed to use the representation vr in order to define, for 
every X e H°°{E), the element a^{X) in H°°{E) satisfying (ET]). That 
is, we used the fact that K{t:) = 0. Once we defined it, it may be more 
convenient to work with the original representation a (which can be chosen 
to be an arbitrary faithful representation) and invoke (l28ll . Note that, using 
Proposition 14.181 we see that there is only one automorphism that satisfies 

(EH). 

Theorem 4.21 Let E be a W* -correspondence over M and let a be a faith- 
ful normal representation of M on a Hilbert space H. Let a be an isometric 
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automorphism of H°°{E) and assume that g : 3{E'^)* D(_E''^)* is a biholo- 
morphic automorphism o/©(-E°")* such that 

for all X e H^{E) and all r] e . Then: 

(i) gm{{E-Y))'^^'i{{E'^r)- 

(ii) There is a G D3((-E"^)) and a unitary operator u in C{E) such that 
u(3(-E)) = 3(-E') and such that 

(as a map from E H to H). 

(Hi) With u as in (ii), there is an automorphism au of H°°{E) such that 
(^uiTs) = for every ^ e E. 

(iv) With u and J as in (ii), 

a = ttj o 

where is the automorphism defined in equation ( flTjj (and satisfies 

(v) For every 771,772, ■ ■ - jVk ifi the open unit ball of E'^ , the map defined by 
the k X k matrix 

{{id - ^3(r,*)*,9(^;)*) ° M - ^V^,V,y^) 

is completely positive. 

Proof. Note first that, since a is an isometric automorphism, it maps 
{poo{M) onto itself. 

Suppose rj lies in D(3(-E"^)*). Then, by part (3) of Lemma 14. 121 X{ri*) e 
a{M) for every X E H°^{E). But then, for every X, X{g{r]*)) lies in a(M), 
showing that g{rj*) G '^{E"). This proves (i). 

The discussion following Lemma [4. 121 shows that we can write g = wo g^ 
for some 7 in 3^{{E'^)) and an isometry w on {E'^)* that preserves the 
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center. Let be the automorphism described in Lemma [4.20( ii) and write 
= q;~^ o a. Then it follows that 

for X e H°°{E) and r] e D(E'^). 

For = and Y G H'^{E) we have f (0) = cr(Eo(y)) where Eq is 
the conditional expectation of H°°{E) onto M (where M is viewed as the 

"zeroth term"). Thus, a(Eo(/9(X))) = (3{X){0) = X(0) = a(Eo(X)) for every 
X e H°^{E). Since a is faithful, Eo(/5(X)) = Eo(X). Thus, for every ^ e E, 
Eo(/3(Tg)) = and we can write 

/^(Tg) = Te + Y (29) 

where Y lies in {TEfH°^{E). Write C for {TEfH^{E). Since (I29|) holds for 
all ^ G -E, /3(C) C C. We can apply the same arguments to in place of 
/3, and find that /3"^(C) C C. Applying (3'^ to (l29|), we find that 

f3-\Te)=T^ + Z (30) 

for some Z E C . 

Arguing as in the proof of Proposition [4T81 we find that, for every h E H, 
\\PiT^)h\\ < \\T^h\\ and ||/?(T^)f = \\Yh\\^ + \\Tehf > \\Tehf. Thus \mh\\ > 
\\Tgh\\. Applying the same arguments to (using ( l30ll in place of (l29ll) 
we find that \\Tgh\\ > \\T^h\\ and, thus, \\T^h\\ = \\Tgh\\ and, consequently, 
Yh = for all h G H. Thus Y = and P(T^) = Tg. Since /3 is isometric, 
||T^|| = \\Tg\\. It follows that ||^|| = 116*11. If we write 9 = (and recall 
that then P{T^) = T^^) then m is a linear isometry. We also have, for a e 
M, Tu(^a) = P{T^a) = P{T^a) = P{T^)a = Tu(^)a = Tu{£_)a- Hence u is an 
isometric (right) module map and, therefore, u lies in C{E). Since /3 is an 
automorphism, m is a unitary operator. We also have /3(T^) = T^^, so /5 = a„ 
(in the notation of (iii)). This proves (iii) and (iv). 

Recall that (3{X){t]*) = X{wr]*) and set X = to get 7^i(r/*) = 

P{T^){t]*) = f^{wri*). Hence r/*L„5 = {wr]*)L(.. Applying this to h e £ 
we get ri*{uC, <^ h) = {wri*){^ ® h). Hence wrj* = rj* o {u ® I)^ proving 
g{rj*) = g-y{ri*) o (u^I^). To prove (ii) we need only to show that u preserves 
the center of E. So fix ^ G 3(-E). By Lemma [4.121 lies in the center of 
{E'')*. ThuswL^ liesin3((^'')*). But = L| o (m® J) = L^.g. Thus L^.^ 
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lies in 3((-E'^)*)- Using Lemma [4.121 again we get m*^ G 3(-E'). This shows 
that M*3(-E) C 3(-E) and, applying the same argument to we complete 
the proof of (ii). 

To prove (v), fix 6 G cr(M)' and rii,rij in ©(i?'^) and compute {g{ri*),b ■ 
9iv])) = 9{v:){Ie ® b)g{ri*y = g^{v*){u ® I£){Ie ® b){u* ® l£)g^{Vjy = 
g^{r]*){lE ® b)g^{r]*)* = {g^{r]*),b ■ g.,{ri*)). Thus (v) follows from Corol- 
lary [HSl □ 

Combining Theorem 14.211 with Theorem 14.91 we get the following. 

Theorem 4.22 Let E be a faithful W* -correspondence over M where "bi^M) 
is atomic. Let a be an automorphism of H°°{E) that is completely isometric 
and a w* -homeomorphism and leaves ipoo{M) elementwise fixed and let a he 
a faithful representation of M. 

Then there is a'y & D3((-E''^)) and a unitary operator u in C{E), satisfying 
u{3{E)) = 3(E), such that 



where is the automorphism defined in Lemma \4.2(\ and auiT^) = for 
every C, E E. 

In particular, if "^i^E) = {0}, every such automorphism is au for some 
unitary operator u G C{E). 



Theorem 14.221 provides another perspective on the results from [26l 
The analytic crossed products discussed there are of the form H°°{E)^ where 
E is the correspondence qM associated with a von Neumann algebra M 
and an automorphism a that is properly outer. This means that 3{E) = 
{0}. Theorem 14.221 implies that all automorphisms of H°°{E) are given by 
automorphisms of M. 



5 Examples : Graph Algebras 

In this section we consider some examples that come from directed graphs. 
We shall assume for simplicity that our graphs have finitely many vertices 
and edges. We write Q both for the graph and for its set of edges. The 
space of vertices will be denoted V. We shall write s and r for the source 
and range maps on Q, mapping Q to V, and we shall think of an edge e in 
Q as "pointing" from s(e) to r(e). For simplicity, we shall also assume that 
r is surjective, i.e., we shall assume that Q is without sources. Write Q* for 
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the set of all finite paths in Q, i.e., the path category generated by Q. An 
element in Q will be written a = 6162 ■ ■ - Ck, where s{ei) = r(ej+i). We set 
s{a) = s(efc), r(a) = r(ei), and |a| = k, the length of a. We will also view 
vertex f G as a "path of length 0", and we extend r and s to V simply by 
setting r(f) = s{v) = v. 

Let M be C{V), the set of complex- valued functions on V. Of course, M 
is a finite dimensional commutative von Neumann algebra. Likewise, we let 
E be C{Q), the set of complex- valued functions on Q. Then we define an 
M-bimodule structure on E as follows: for / G -E, ^ G M and e G Q, 

(/V^)(e) := /(e)V^(s(e)), 

and 

(^/)(e) :=^(r(e))/(e). 

Note that the "no sources" assumption implies that the left action of M is 
faithful. An M-valued inner product on E will be given by the formula 

s{e)=v 

for f,gEE and v E V. With these operations, E becomes a iy*-correspondence 
over M. The algebra H°°{E) in this case will be written H°°{Q). In the lit- 
erature, H°°{Q) is sometimes denoted Cq. It is the ultraweak closure of the 
tensor algebra Tj^{E{Q)) acting on the Fock space of J-'{E{Q)). For e G Q, 
let 5e be the (5-function at e, i.e., 5e{e') = 1 if e = e' and is zero otherwise. 
Then Ts^ is a partial isometry that we denote by Se. Also, for v eV , is 
defined to be V9oo(5d)- Then each is a projection and it is an easy matter 
to see that the families {5*6 : e G Q} and {P.^ : v eV} form a Cuntz-Toeplitz 
family in the sense that the following conditions are satisfied: 

(i) P,Pu = if uj^v, 

(ii) S*Sf = if e ^ / 

(iii) S*Se = Ps{e) and 

(iv) Erie)=v SeS: < P. for all veV. 

In fact, these particular families yield a faithful representation of the Cuntz- 
Toeplitz algebra T{E{Q)) [T9]. The algebra T^{E{Q)) is the norm-closed 
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(unstarred) algebra that they generate inside T{E{Q)) and H°°{Q) is the 
ultraweak closure of T+{E{Q)). The algebra T^{E{Q)) was first defined and 
studied in [25], providing examples of the theory developed in pH|. It was 
called a quiver algebra there because in pure algebra, graphs of the form Q 
are called quivers. (Hence the notation we use here.) The properties of quiver 
algebras were further developed in p9j. In [23], the focus was on H°°{Q) and 
the authors called this algebra a free semigroupoid algebras. Both algebras 
are often represented as algebras of operators on /2(Q*), and it will be helpful 
to understand how from the perspective of this note. Let Hq be a Hilbert 
space whose dimension equals the number of vertices, let {e„| w G V^} be a 
fixed orthonormal basis for Hq and let ctq be the diagonal representation of 
M = C{V) on Ho. Then kiQ*) is isomorphic to J^{E{Q)) Hq where 
the isomorphism maps an element of the standard orthonormal basis of 
hiQ*) to 6a^es(^e) (where, for a = ei ■ ■ -Cfc, 5q = 5ei ® ■ ■ ■ ® <5efc ^ E®^). The 
partial isometrics 5*6 can then be viewed as the shift operators Se^a = ^ea- 
Thus, the representations of %-{E{Q)) and H°°{Q) on hiQ*) are just the 
representations induced by (Tq. 

Quite generally, a completely contractive covariant representation of -E'(Q) 
on a Hilbert space H is given by a representation a of M = C(y) on 
H and by a contractive map T : E ®„ H ^ H satisfying equation ([2]). 
The representation a is given by the projections = cr{6v) whose sum 
is /. Also, from T we may define maps T(e) G B{H) by the equation 
T{e)h = f{5e ® h) and it is easy to check that ff* = ^^T{e)T{ey and 
T(e) = Qr{e)T{e)Qs{e)- Thus to every completely contractive representation 
of the quiver algebra T+{E{Q)) we associate a family {T(e)|e G Q} of maps 
on H that satisfy '^f,T{e)T{e)* < I and T(e) = Qr{e)T{e)Qs(e)- Conversely, 
every such family defines a representation, written axT (or cr x T), satisfying 
(a X T){Se) = T(e) and (a x T)(P,) = Q,. 

We fix a to be ctq and write H in place of Hq. So that, in this case, each 
projection is one dimensional (with range equal to Ce^). Then obviously 
a{My = cr(M). To describe the a-dual of E, write Q^^ for the directed 
graph obtained from Q by reversing all arrows, so that s(e~^) = r(e) and 
r(e~^) = s(e). Sometimes is denoted Q"^ and is called the opposite 
graph. Note that the Hilbert space E <S)a Hq is spanned by the orthonormal 
basis {6e ® es{a)}- Fix rj G E"' and note that its covariance property implies 

that, fo r every e G Q, T]*{ 6e ® e s(e)) = V*{^r(e)Se ® es(e)) = Qrie)V*{^e ® 

^s(e)) = '>]{^~^)^r(e) for somc rj{e^^) G C. The reason for the "strange" way of 
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writing that scalar is that we can view rj as an element of E{Q~^) and the 
correspondence structure on E'^, as described in Proposition 12.131 fits the 
correspondence structure oi E{Q~^). Consequently, we can identify the two 
and write 

E'' = E{Q-^). 

(See Example 4.3 in [31] for a description of the structure of the dual corre- 
spondence for more general representations a ). It will also be convenient to 
write 7] matricially with respect to the orthonormal bases {6^ \ v E V} of Hq 

and {6e es{e)}eeQ oi E ^ Hq as 

{V)e,r{e) = Vi^'^)- (31) 

Suppose T] e D(_E"^). For every X e H°°{Q), we have defined X{r]*) 
as an element of B{H) in Remark I2.14[ For the generators of H°°[Q), the 
definition yields the equations, 

Pv^r]*) = e,,, ,veV (32) 

and 

'S'e(^*) = 'nie'^)dr(e),s(e) , 6 G Q (33) 

where 6^^^ is the partial isometry operator on H that maps e^, to and 
vanishes on (cu;)-*-. For a general X G H°°{Q), X{rj*) is obtained by using 
the linearity, multiplicativity and iu*-continuity of the map X X{rj*). 
The proof of the next lemma is straightforward and is omitted. 

Lemma 5.1 The centers of the correspondences E{Q) and E{Q^^) are given 
by the formulae 

3(^(Q)) = span{5e I s{e) = r(e)} 

and 

3(^(Q"')) = span{5,-i I s(e) = r(e)}. 

The following proposition is immediate from Theorem I4.22[ 

Proposition 5.2 // there is no e G Q with s(e) = r(e), then every auto- 
morphism a of H°°{Q) that is completely isometric, w* -homeomorphic and 
leaves (poo{C{V)) elementwise fixed (that is, does not permute the vertices) 
is of the form otu for some unitary u G C{E{Q)). That is, 

s(f)=sie) 
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where the scalars Uf^e are given by Uf^e = (^*(^e))(/)- (Note that this is zero 

if S{f) 7^ S{e), since u{6e) = U{6e6s{e)) = u{5e)5s{e))- 

We note, as we did at the beginning of Section 4, that the assumptions 
made on the automorphism can be weakened using arguments of [22] but we 
shall not elaborate on this here. 

Example 5.3 Let Q be an n-cycle (for n > 1) ; that is V = {fi, f2, • • • , fn} 
and Q = {ei, . . . , e„} where Cj is the arrow from vi to fj+i (or to vi when 
i = n). Then, for every a as in Proposition \ 5. 21 there are {Ai, A2, . . . , A„} 
with \Xi\ = 1, such that a;(S'eJ = XiSe^ for all i. 

The rest of this section will be devoted to the study of the following 
example, which is very simple, yet provides a full array of the structures we 
have been studying. 

Example 5.4 Let the vertex set of the graph have two elements: V = {v, w}. 
Suppose the edge set consists of three elements Q = {e, f,g}, where e is the 
arrow from v to w, so s(e) = v, r(e) = w; f is an arrow from w to v; and g 
is a loop based at w, s{g) = r{g) = w. 

Then by Lemma [SHI 3(-E'(Q)) = C6g. We know from Theorem [422J that 
every automorphism a is the composition of an automorphism, written a„ 
associated with a unitary in C{E{Q)) that maps 6g into X^Sg (with IA3I = 1) 
and an automorphism associated with a "Mobius transformation". 

As noted in Proposition 15.21 {u{6e')){f') = unless s(e') = so that 

u{6e) G Oe and u{6f) G span{6f,6g}. Since u* is unitary, we have that 
u{Sf) = Xf6f. Thus 

au{Se) = XeSe, a«(5'/) = XfSf (34) 

and 

Oiu{Sg) = XgSg 

for Xe,Xf,Xg with absolute value 1. 

It is left to analyze the Mobius transformations and the corresponding 
automorphisms. Since the center of are scalar multiples of Sg-i, the 
Mobius transformations are associated with scalars A G D (in fact, with 
X6g-i) and will be denoted r^, A G D. We have 

r,(r/*) = A,(/ - r^*{XSg-^))-\X6g^. - r/*)A-,^ (35) 
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where A, = (J^,- (A(5,-i)*(AVi))V2 and A,, = ( W - (AVi)(A(5,-i)*)V2. 
It will be convenient to write T\{r]*) matricially as a map from E ® H, with 
the ordered orthonormal basis {5^ ® S^ySf 5^;, 5g ® S^}, to H, with the 
ordered orthonormal basis {6^,6^}. Using the formula (l3B . we see that 

r]{e-^) 
r]ig-^) 

and 

/ 

X5g-i =00 
\ A 

The computation of the expression in ( l35i l yields 



-vif~^) _o 

l-A,7(3-i) l-Ar?(3-i) 



Thus 



1 - Mg-^) k=o 



and 

This suggests setting 

oo 

T{e) = -{l-\\\'Y/'J2^\S,rS,, 

k=0 

nf) = -Sf 

and 

oo 

T{g) = -CXP^-Sg)Y,i^S,)'. 

k=0 
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Using f l32l ). (I33l l and the fact that the map X i— > X {■)]*) is a continuous 
homomorphism, we get 















and 













Using Theorem 14.91 Theorem 14.221 Equation (l34l) and Theorem 14.181 we 
conclude the following. 

Theorem 5.5 (1) For every A G ©, there is a unique automorphism ax of 
H^{Q) such that, for every e' G {e, f,g}, ax{Se') - T(e') G K{a). 

(2) Every completely isometric, w* -homeomorphic automorphism a ofH°°{Q) 
can be written 

a = Ou o ax 

where A G D and au(Se') = Ag'^'g/ for every e' G {e, f,g} (where Ae, A/ 
and Xg are complex numbers of absolute value 1 ). 

Proof. The only thing that we need to clarify here is that, in part 
(2), we do not have to require that a fixes and P^. Indeed, assume that 
a satisfies a{P.o) = and a{Pw) = Pv Then a{Se) = Pva{Se)Pw and, 
thus, Eo(a(S'e)) = and Ei(a(S'e)) G CS*/. Similarly, we get Eo(a(S'/)) = 
Ei(a(5g)) = 0, Ei(a(5/)) G CS^ and Eo(a(5J) G CP„. Thus, Sg is not in 
the range of a, contradicting the surjectivity of a. □ 

Finally, we note the following. 

Proposition 5.6 In this example, K{a) is the ideal generated by the com- 
mutator [SgjSgSf]. 

Proof. Since we shall not use this result, we only sketch the idea of the 
proof. It follows from Lemma [4.171 that it suffices to analyze K^^K^a)) for 
a given k. Since K{a) is an ideal, it suffices to consider Pv>Kk{K{a))Pv" for 
fixed v', v" G {f , w}. Evaluating an element of P^i'Kk{K{a))Pv" in r]* yields a 
polynomial in three the variables Zi = rj{e~^),Z2 = Ti{f~^) and = rj{f~^). 
This polynomial is defined on a small enough neighborhood of and, from 
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the definition oi K{a), it vanishes there. It follows that its coefficients are all 

0. This shows that an element in Pt,'¥,k{K{a))Py" is a linear combination of 
sums of the form ^ ciiSa^ (for some paths a^) where ^ = and for every 

1, j, the paths and aj satisfy s{ai) = s{aj) = v", r{ai) = r{aj) = v' and 
both paths contain the same edges (with the same multiplicities) but in a 
different order. A moment's reflection shows that this can happen only if the 
two paths are identical except that, at some points, one path travels along 
g and then along e/ while the other path "chooses" to travel first along ef 
and then along g. This shows that the element in Py''E,k{K{a))Pyii lies in the 
ideal generated by [Sg^SeSf]. □ 
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